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Each Volume of the Scientific Libvazy proposes to develop the 
Elements of a Science, or Sciences, in a brief, systematic, demonstra- 
tive form, so that the entire Series may supply a body of Mathematical 
and Physical Knowledge complete, but in nothing superfluous. This 
Series will «xhibit the ahsirdot beauty and utiMty of Scieaoe, which it 
would not be Judicious to impair by irrelevant matters; But there is 
likewise a practical beauty and utility in Science, which should be 
brought home to men's badness and bosoms. To accomplish this we 
design publishing a Set of Companiont to the Sciences, in which the 
abstract principles already developed in our first Series will be applied to 
practice, exemplifying their value in impnmng the worldly conditioii of 
man, as well as his intellectual. By means of this Companion Library 
we shall be enabled at once to confirm its readers in the Elements of our 
first Series, to instruct them in the method of drawing practical bene6t 
from their acquired knowledge, and to furnish, a ready answer to the 
often-repeated inquiry — MHiat is the use of abstract Science ? 

Of the first Series we, have brought out three Volumes, Geometry, 
Algebra, and Trigonometry; corresponding to which we shall 
now prepare three Volumes of the parallel Series, . The Geometrical 
Companion will consist of three separate Parts, illustrative of the three 
Parts into which our Geometry is divided ; and of these three Parts the 
first will forthwith appear — ^the others in rapid succession. These will be 
followed by an Algebraic Companion, and a Trigonometrical 
Companion ; and in this manner each Volume of the second Series 
will form a Practical Commentary on the subject developed scientifically 
in the first 
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« 

Art. 1. The aiea of a poialldogram is equal to the product of any 
side taken as base, and the corresponding altitude, 21. 

A&T. 2. The area o£ a triangle is equal to half the product of any 
side taken as base, and the corresponding altitude, 22* 

A&T. 3. The side of a square is to its diagonal as unity to the square- 
root of two, ibid. 

Art. 4. The altitude of an equilateral triangle is to the side as the 
square-root of three to two, 23. 

Art. 5. Given any two sides of a tight-angled triangle, the third may 
be found, ibid. 

Art. 6. In a right-angled triangle, given one of the sides about the 
right angle, and the sum Of the other two, the trumgle itself may be 
found, 24. 

Art. 7* Given the base and altitude of a triangle, the inscribed 
square may be found, 25. 

Art. 8. To divide a right line into two such parts that the square 
of one may be equal to the rectangle imder the other and the Whole 

line, 27. 

Art. 9. Given the greater of two geometric extremes, and the dif- 
ference between the lesser and mean, the mean may be found, 29. 

Art. 1 0. Given the three sides of a triangle, we may find its area, 31. 



PLANE TRIGONOMETRY. 

Def. I. 7%e tangent of an arch, or angle^ is that portion of the 
geometrical tangent at one extremity of the arch, which is intercepted 
between the sides of the corresponding angle, 43. 

Def. II. The secant of an arch, or angle^ is that portion of a geo- 
metrical secant through one extremi^ of the arch, whidi is intercepted 
between a tangent at the other and the centre, ibid. 

Def. III. The complement of an arch, or angle, is the difference 
between it and a quadrant, or right angle, 44. 

Def. IV. The sine of an arch, or angle, is the perpendicular drawn 
from one extremity of the arch to the opposite side of the angle, ibid. 

Def. V. The versed sine qfan arch, or angle, is the intercept of the 
diameter between the sine and tangent, 46. ' 

Def. VI* The supplement of an arch, or angle, is the diflference 
between it and a semicircumference, or two right angles, 47* 



Art. 1. The square of the secant of an angle is equal to the sum of 
the squares oi the tangent and of the radius, 43. 

Art. 2. The rectangle under the tangent and cotangent of an arch, 
or angle, is equal to the square of the radius, 44. 

Art. 3. The square of the radius Ss equal to the sum of the squares 
of the sine and cosine of an arch or angle, 45. 

Art. 4. The ratio of the sine to the cosine of an angle Is the same 
as that of the tangent to the radius, ibid^ 



IX 

Art. 5. The rectangle under the secant and cosine of an angle is 
equal to the square of the radius, 46. 

Art. 6. The shie of an angle is equal to the sine of its supple- 
ment, 47* 

Art. 7- The sine of an angle is equal to half the chord of twice the 
corresponding arch, ihid. 

Art. 8. The rectangle under the radius and the sine of twice, an 
angle is equal to twice the rectangle under its sine and cosine, 48. 

Art. 9. The rectangle under the radius and the cosine of twice an 
angle Is equiJ to the dMerenoe hetween the square of the radius and 
twice the square of the sine of the angle, 50. 

Art. 10. The tangent of half a r^t angle is equal to the radius, 53. 

Art. 11. The sine is equal to the cosine of half a right angle, and 
the square of each is equal to half the square of the radius, 54. 

Art. 12. The cosine of an angle equal to one-third of two right 
angles is equal to half the radius, ihid. 

Art. 13. The square of the ^ne of an angle equal to one-third of 
two right angles is equal to three-fourths of the square of the radius, 55. 

Art. 14. The suie of an angle equal to one-tnird of a right angle is 
equal to half the radius, ihid. 

Art. 15. The square of the cosine of an angle equal to one-third of 
Na right angle is equal to three-fourths of the square of the radius, ibid. 

Art. 18. In a triangle the sides are to each other as the sines of their 
opposite angles, 74. 

Art. 19. In a triangle the tangent of half the sum of any two anpjles 
is to the tangent of half their difference, as the sum of the opposite sides 
is to their dmerence, 73. 



Art. 8>. The rectangle under the radius and sine of the sum of two 
angles is equal to the sum of the two rectangles under the sine of each 
and the cosine of the other, 48. 

Art. 83. The rectangle under ^e radius and sine of the diflference of 
two angles is equal to the difference of the two rectangles under the sine 
of each and the cosine of the other, 49. 

Art. 9*. The rectangle under the radius and the cosine of the sum 
of two angles is equal to the difierence of the rectangles under the cosines 
and the sines of the angles, 51. 

Art. 93. The rectangle under the radius and the cosme of the differ- 
ence of two angles is equal to the sum of the rectangles under the cosines 
and the sines of the angles, 52. 

Art. 10*. The square of the secant of hialf a right angple is equal to 
twice the square of the radius, 53. 

Art. 103. The cotangent of half a right angjle is equal to the radius, 
ibid. 

Art. 104. The square of the cosecant of half a right angle is equal 
to twice the square of the radiusi, 54. 



Aat. 20« In a triangle the cosine of any angle nsultiplied bj twice 
the product of the sides which contain it, hi equal to the sum of the 
squares of those sides diminished by the square of the third side, 70* 

Art. 21. In a right-angled triangle given the two sides cootahiing 
the right angle, the triangle itself may be determined, 79. 

Art. 22« In a right-angled triangle given the side opposite the rig^t 
angle and one of the remaining sides, me triangle itself may be deter- 
mined, 82. 

Aet. 23. In a right-angled triangle given the side opposite the right 
angle, and one acute angle, the trian^e itself may be determined, ibid. 

Art. 24; In a right-angled triangle given eiUier side about the right 
angle, and either acute angle, the triangle itself may be determined, ^. 

Art* 26. In any triangle given two sides and the included angle, the 
triangle itself may be determined, ibid. 

Art. 26. €Kven two angles of a triangle, and the side opposite either 
of them, the triangle itself may be determined, 85. 

Art. 27. Given two angleis of a triangle* and the side between them, 
llie triangle itself may be determined, ibid. 

Art. 28. Given the three sides of a triangle, the triangle itself may 
be determined, ibid. 

Art. 29. Given ^0 sides of a triangle, and the angle opposite either 
of thfem, the triangle itself may be in some cases deteimined, 86. 



APPLICATION OF TRIGONOMETRY TQ PRACTICE. 

I. Th& perpendicular height of an object may be deteimined though 
the foot be mapproachable, 88. 

II. The distance of an elevated object may be determined though its 
fbot be inapproadiable, 89. 

III. The distance of an object on the ground may be determined, 
though it be inapproachable, 90. 

IV. The distance between two inapproachable objects may be deter- 
mined, 91. 



ADDENDUM TO TRIGONOMETRY. 

Art. 30. In a very small arch the sine is equal to the tangent^ 92. 
Art. 31. The circumference of a drde^is nearly equal to three times 
and a seventh its diameter, ibid. 



.SPHERICAL TRIGONOMETRY. 

Def. I. A right line is said to be perpendiciUar to a plane when it is 
perpendicular to all the right lines in mat plane which pass through die 
point where the line meets the plane, 97* 



D£F. II. When two planes cut each other, the angk letveeeH them, 
or their matual inclination, is measured by the angle between two right 
lines diawn in those planes from the same point of their line of intersec- 
tion, and perpendicular to it, 99. 

Def. ill. Two planes are perpendicvlar to each other when the angle 
between them is measured by a right angle, 100. 

J>EF. IV. Any figure made where a solid is ciA by a surface, is called 
a Section of that solid, ibid. 

D£F. y. A fpJiere is a solid figure bounded by ond surface, such, 
that all right lines drawn firom it to one and the same point within the 
figure are equal to one another, 101. 

Def. VI. In a sphere, the point from which the surface is every where 
equally distant is called the centre of the sphere, ibid. 

Def. VII. A right line drawn from the centre of a sphere, and ter- 
minated in the silrface, is called a Radiut of the sphere, ibid. 

Def. VIII. A right line drawn through the centre of a sphere, and 
terminated both ways in the surface, is called a Diameter of me sphere, 
ibid. 

Def* IX. h great circle of a -sphere is that made by a plane passing 
through the centre of the sphere, 102. 

Def. X. A lesser circle of a sphere is that made by a plane which 
does not pass through the centre of the sphere, ibid. 

Def. AI. a spherical triangle is a spherical surface bounded by three 
arcs of«great circles, 103. 



Abt. 1. One portion of a right line cannot be in a plane, and another 
portion out of it, 95. 

Abt. 2. Three right lines which meet one another are in the same 
plane, 96. 

Abt. 3. If two planes cut one another, their line of intersection will 
be a right one, ibid. 

Abt. 4. If at the point w^re two right lines intersect a right line 
stand perpendicular to both, it shall also be perpendicular to the plane in 
wliich they lie, 97* 

Abt. 5. Every section of a sphere, made by a plane, is a circle, 101. 

Abt. 6. All great circles of the*same sphere are equal to each other, 
102. 

Abt. 7* Two great circles on the same sphere divide each other into 
two equal parts, ibid. 

Abt. 8. All small circles equally distant from the-centre of the sphere 
are equal to each otlier, ibid. 

Abt. 9. In any right-angled spherical triangle, the product of the 
sine of the side opposite the right angle and the sine of either remaining 
angle is equal to the sine of the side opposite the latter angle, 103. 

Abt. 10. In any right-angled spherical triangle, the tangent of either 
side adjacent to the right angle is equal to the product of the tangent of 



xu 



the side opposite the right angle and the cosine of the angle between 
these sides, 105. 

Akt. 11. In any right-angled spherical triangle, the cosine of the 
side opposite the right angle is equal to the product of the cosines of the 
remaining sides, ibid. 

C In any right-angled spherical triangle the sine of the 
middle is equal to the product of the tangents of the ad- 
AftT 12 - jacent exUemes, 111. 

A»*. j^. Jq ^^y right-angled spherical triangle the ajie of the 

middle is equal to the product of the cosines of the op-' 
^posite extremes, 112. 



LOGARITHMS. 



Ths hftrdest part of this Science is its name. After 
what has been said on Powers and Progressions, in our 
Alosbba, the reader will find little diSculty in under- 
standing the nature and use of Logartthms. So much as 
is necessary and suifid^t^ we propose, to explain in the 
present Treatise. 

It is manifest from inspecth)n that in a series of terms 
in geometric progression, the indices of the multiplying 
ratio themselves are a series in arithmetic progression; 
th«s, if the former series be 

a, ar\ ar^, ar^, flr*, ar*, ar^, &c. 
inasmndi as a is equal to a x I, or a X r^ (by Ohs, Ari". 
37> Alo.), the series of indices will be 

0, 1, 2, 3, 4, 5, 6, &c. 
which is an arithmetic series. This corresponds exactly 
with the other, or more properly speaking, with r, the 
multiplying ratio, of the other ; the powers of which in the 
successive terms are indicated, or numbered, by the cor- 
responding terms of the second series. Hence originates 
the word Logarithms ; scil. from two Greek words (arithmos 
and iog-os), signifying the numeration of a ratio. The 
terms of the arithmetic series are called logarithms of the 
multiplying ratio in the geometric series; thus is the 
logarithm of r®, 1 the log. of r', 2 the log. of r*, &c. 

It is also apparent that the same arithmetic series will 
correspond to the geometric series 

r°, rS r», r', r*, r*, r^ &c. 
or to ant/ geometric series whatever, the indices of whose 
multiplying ratio increase in like manner. Moreover, if 
there be geometric terms interposed between the above, 
thus, 

' r*, r*, r», r^, ?», r^,' r', r^, ?*, &c. 



the iadices or logarithms^ 

.0, i, 1, |, 2, I, 3, f. 4, &c. 
will be still in arithmetic progression. This very simple 
correspondence between two such series furnishes a most 
powerful instrument of computation^ as the reader will 
acknowledge when described. 

If we multiply any two terms of the geometric series^ as 

r*, r% we get (by Art, 36, Al.) r*"*"*, or r*. Hence^ 
instead of performing the actual multiplication, we need 

only add the logarithms of r* and r*, scil. ^ and 2, which 
would give |- ; and this being the logarithm of the product 

required, points out that product r^ without any further 
trouble. By this means the simpler operation of Addition 
is made to serve in place of Multiplication, as far at least 
as respects the terms of the above geometric series, or any 
such that can be devised. 

Suppose then we devise a geometric series containing 
certain numbers which we are anxious to multiply very 
briefly, the foregoing principle that the log. of the product 
of two numbers is equal to the sum of their logs, may be 
successfully applied. Suppose, for example, we choose 
the series 

20, 2S 2*, 2', 2*, 2*, 2«, ^, 2», 2^, 2»o, &c. 
then the arithmetic series 

0, 1, 2, 3, 4. 5, 6, 7. 8, 9, 10, &c 
will be respectively the logarithms of the following num- 
bers 

1, \ 4, 8, 16, 32, 64, 128, 256, 512, 1024, &c. 
which are only the terms of the first series raised to their 
several powers.' Consequently, to multiply any two of 
these numbers, 16 by 64, we have only to add their loga* 
rithms 4 and 6, which gives 10 ; but as the sum of the 
logs, is equal to the log. of the product of 16 and 64, there- 
fore the number of which 10 is the log. must be the pro- 
duct required, viz. 2*° or 1024. Now if we had a table 
with the numbers, 1, 2, 4, 8, &c. in one column, and their 
l(^arithms, 0, 1, 2, 3, &c. opposite to them in another, 
thus. 
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Numben. 


Logwitbmb 


1 





2 


1 


4 


2 


8 


3 


16 


4 


32 


5 


64 


6 


128 


7 


256 


8 


512 


9 


1024 


10 


etc 


&C. 



in order to multiplj any two of these numbers^ we should 
merely have to look at tiieir opposite logarithms ; add these, 
and their sum would be the logarithm opposite their product. 
Thus to multiply 8 and 32 ; the table shows 3 and 5 for 
their logarithms, the sum of these is 8, and 8 stands op- 
posite to 256, therefore this is the product sought. 

But why not choose such a geometric series as will con- 
tain all numbers, and by registering their logarithms in a 
table possess the samfe expeditious mode of multiplication ? 
This in fact has been done ; and the reader who asks him- 
self the preceding question has involuntarily discovered, to 
a great extent, the use of Logarithms, which we promised 
to impart. There is probably, however, one circumstance 
on which he has not yet reflected, namely, that there is no 
geoftietric series which can furnish us with all numbers 
ejfoctlt/' For instance, that power of 2 which is equal to 
3, lies between 2^ and 2^ ; it is in fact a surd which can- 
not be expressed in finite rational terms. The most con- 
venient geometrical series for our purpose is perhaps that 
which has for its terms the several powers of 10 ; at least it 
is that preferred by mathematicians, which may recom- 
mend it to our favour. Computists have found that the 
terms of this series are pretty nearly equal to the digital 
numbers. 

1, % 3, 4, 6, 6, 7, 8, 9, 10, &c. 
are respectively 

b2 



lo^ loA loA 10^^, loA 10^, 10^^^, ioT^^,.io^*^^' 

101, &c. 
or more accurately j^ in decimal powers, 

1 s: 100*00<>0 00 

2 =: 10^*^ ^^^'^ 

3 = lOOt^TTiai 

4 ^ 100(6 02 060 

5 = 10o>6 ^8 0*^0 

6 = 100*7 7 8] 51 

7 = 100f845098 

8 := 100*^0^0^0 

9 =: 100>95424J 

10 =: IQltOOOOOO 
&C. &C. 

Let us register these digital numbers and their logarithms 
in a tabular form ; we shall then have a specimen at the 
logarithmic tables in common use. 



Nupabers. 


Logarithms. 


1* 


0000000 


2 


•301030 


3 


•477121 


4 


•602060 


5 


•698970 


6 


•778151 


7 


•845098 


8 


•903090 


9 


•954243 


10 


1K)00000 


&c. 


&c. 



This table, like the preceding, furnishes us with the 
means of multiplying two numbers by means of addi- 
tion. For, if the proauct of 2 and 4 be required, we have 
only to add their fogs. ; scil. ,301030 and ,602060, which 
gives ,903090 ; but the number of which this is the log. 
must be the product required, and by the table the num- 
ber appears to be 8, which is accordingly the true answer. 



This is enough to explain the nature of logarithms, though 
not much calculated to exhibit their utility^ the numbers 
we have employed being so easily multipliable. But the 
student wiU perceive from what has been said,- that if the 
above table were carried on to the higher classes of num- 
bers, the difficulty of multiplication would increase enor- 
mously, while that of addition would remain nearly the 
same. Had we, for example, to multiply 3297648501 by 
96496087> it would not be so easy to ao this by the com- 
mon operation as to consult a logarithmic table, if we had 
one, add the logs, of jthese numbers, and see what other 
number in the table corresponded to the sum ; for that 
would be the product sougnt. But the utility of loga- 
rithms does not end here, as we proceed to show. 

The origin of the science, and name. Logarithms, was 
such as we have described. But it is unnecessary for us 
to take this remote though simple view of the matter. In- 
stead of referring to a geometric and corresponding arith- 
metic series, we may immediately consider logariuims as 
the indices of any chosen number, r, whose powers are 
respectively equal to the digital numbers. For since r^ 
X r* = r^^\ by Abt. 36, Al. if we have a table con- 
taining the numbers to which r* and r* and r**"*"" are 
respectively equal, with the indices >», n, w -f- n, opposite 
the numbers to whidi they belong, in order to' multiply 
the two first numbers we need only add their indices, or 
logarithms, whose sum is the index, or logarithm, of the 
product sought, and therefore will be found over against 
it; looking down the second column till we meet this 
logarithm, we are accordingly directed to the product 
required. Thus, as we have already seen, if r be 10, the 
numbers 1, 2, 3, 4, &c. are equal respectively to lO^'O o o o o o ^ 
100^3 103 0^100,47 7 12 1^100.6 2 060^ &c. Cousequcntly, 
restoring these numbers and their corresponding loga- 
rithms, as in the Table aforegoing, we may proceed as above. 
All numb^s are in this manner considered as the powers 
of some one number, r, and logarithms as the inmces of 
this number *. 

* We caimo( choose r equal to 1, because every rational power of 1 is 
I, and therefore cannot represent all numbers. 



Definition. The hose of a system of logarithms is 
that number whose different powers are made equal to the 
natural numbers. 

Thus the base of the two systems preceding are re- 
spectively 10 and 2 ; the different powers of 10 in the one 
instance^ and of 2 in the other, being made equal to the 
natural numbers, 1, 2, 3, 4, &c. 

Obs. That system whose base is 10, being most in use, 
is designated the common system of Logarithms *. 

Article 1. In every system of logarithms^ the tog. 
of unity is cipher. 

For whatever r be, r© = 1, by Obs. Art. 37, Al. ; that 
is, is the log. of 1. 

Thus in the common system, 10^ = 1 ; and also in the 
other system, 2° = 1. 

Art. 2. In every system of logarithms, the log. of the 
base is unity. 

For whatever r be, r ^ = r ; that is, 1 is the log. of r, the 
base. 

Thus in the common system 10^ =10; and also in the 
other system 2^=2. 

Art. 3. The log. of the product of any txvo numbers is 
equal to the sum of their logs. 

Let w, «', be any two numbers, t, I' their logarithms. 
Then log. (» »')=/ + /'. 

Demonstration. For if r be the base, then r' = «, 
and r^ = n'. Consequently 

nn :=z r^ X r^. 

But, by Art. 36, Al., W x r" = r'^''. 

Therefore, nw'rir'*''. 

* This base was chosen by Mr. Briggs, professor of geometiy at 
Gresham College. Baron Napier, or Neper, of Merchiston, in Scot- 
land, was the inventor of the science, about 1614. He selected the base 
2,302, &C. which is therefore called the Neperian base, and the system 
formed upon it the Neperian system of logarithms. From its connexion 
with a geometrical figure called the Hyp9rhola^ this latter system is also 
called the Hyferbolic. 



That is^ n n' being equal to this power of the base r, the 
log. of n»' is J + ^'; or, in other words, log. (n n') :=: 
/ -I- Z'. This, &c. 

Examples of this have been given already. Thus, in 
the common system, where r is 10, log. (2.5) = log. 2 -f 
log. 5 ) as is evident from the Table, because log. (2.5) 
siS. 1,000000, is equal to log. 2, scU. ,301030 tc^ether 
with log. 5, scil. ,698970. 

Obs, The assertion made in the above Article holds 
good for a product of any number of factors; thus, log. 
Xn n' n", &c) = log. n -f 1<^. «' ■*- log. n" -*- , &c. 

Art. 4. 7%6 tog. qfthe quotient of any txvo numbers is 
equal to the difference of their logs. 

Let n, n', be any two numbers, /, T their logs. Then 
!<«.© = /-.. 

Dem. If r be the base, then r's n, and f'' = n'. Con- 
sequently 

** — '"' 

But, by Art. 37, Al., — = H - ^- 

r* 

Therefore, ^ = r* - ''• 

That is, -r> being equal to this power of the base r, the log. 
w 

of -7 is / — 1 1 or, in other words, log.-7- = / — /'. This, 
n n 

&c. 

Thus, in the common system, where r = 10, log. (^ = 

log. 8 — Ic^g. 4 ; as may be seen from the Table, by sub- 
tracting log. 4, which is .602060, from log. 8, which is 
.903090, because the remainder is .301030, which is the 

log. of 3, or |. 
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Obs. 1. From this Article we see tkat the work of Di- 
vision may be perfbrmed by Subtraction, with the help of 
a logarithmic table: anotner faculty of logarithms most 
useful in computation. 

Obs, 2. The assertion made in the last Article may be 

extended like that of Ar9. 3. Thu»^ 1^. ■ „ j s (Log.n 

n n 

4- log. «') — (log. n' 4- log. w'"). And, in general, the 

log. of any number of factors divided by any other number 

of factors, is equal to the sum of aU the logs, of the latter 

subtracted from the sum of all the logs, of the former. 

Art. 5. The log. of the power of any number is egnal 
to the log. of the number muHipliea by the index' of the 
poiver. 

Let n"^ be the power, and I the log , of any number n. 
Then log. (n**) = / k »i. 

Dem. If r be the base. 

But, by Obs. Art. 38, Al. (r')'* = r'-'". 
Therefore, n^ =: r"^. 

That is, n^ beiiig equal to this power of the base r, the 
log. of «** is / . wi ; or, in other words, log. n^ ^ l.m. 
This, &c. 

Thus/ in the common system, log. (3^) = log. 3x2; 
as appears from the Table by taking out the log. of 3, 
scil. ,4771219 £^cl multiplying this IrjT 2. The product is 
,954243, which is the log. of 9, or 3^; therefore the log. 
of 3« = log. 3 X 2. 

Obs. From this Article we see that Multiplication may 
be substituted for Involution, by help of a logarithmic 
table. In ' order to raise any number to any required 
power, we have only to multijdy the log. of the simple 
number by the index of the required power; then looking 
down the column of Ic^rithms, until we find one equal to 
this product, the opposite number is the power required. 
Thus to raise 2 to the 3d power : the log. of 2 is ,301030, 
and this multiplied by 3 gives ,903090 ; but as log. 2* = 



/ 





leg. 3 X S, this product^ j903090, most be the log. of 
the power required^ and therefore stands opposite it in the 
iMle. Accordingly ^e find 8 to be the opposite number^ 
which is cTidently equal to the 3d power of 2. 

Art. 6. The log. of the root of ant/ number is equal to 
the log, of the number divided hy the indea of the root. 

Let V^ be the xoQt, / the log« of any number n. Then 
« I 
^- V» =* ^• 

Dbm. If r be the base, 

^n — wri' 



I 



But, by Ohe. Abt. 30, Al. ^/r^ ^ r 



t 



Therefore, V» = r* ' * 

That is, V» being equal to this power of the base r, the 

- / I 

log. of V« is — ; or, in other words, log. •V»=-- 
° m ° m 

This, &c. 

Thus, in the common system, log. V8 = ■ q ; as is 

plain from the Table, inasmuch as log, 8 is ,903090, and 
this divided by 3 gives ,301030, which is the log. of 2, or 

V8- 

Obs. This Article shows that the process of Division 

may be substituted for the more operose one of Evolution, 

by the assistance of a logarithmic table. To extract a 

required root of any number, it is" sufficient if we divide 

the log. of that number by the index denominating this 

root ; then the number in the table which stands opposite 

the quotient is the root required. Thus, to find the square 

root of 9 : the log. of 9 is ,954243, and this divided by 2 

— lod 9 
^ves ,477121; but as logV9 = -^^ tbis quotient, 

,477121, must be the W. of the number required, which 
therefore will correspond to it in the Table. But the cor- 
responding number to ,477121 is 3 ; and this is accordingly 

' B 5 
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the square root oif 9^ which is found by a simple referenice 
to the Table. 

The above few Articles contain the chief properties of 
Logarithms ; and with a knowledge of these the reader 
will be fully able to understand that part, of any computa- 
tion in which this instrument of science is employed. 



Art. G>. The log, of a proper ft action is a subiractive num^ 
ber. 

Let — be the fraction. Then loff. ( — ) is a subtract! ve 
n Vny 

number. 

MA 

Dem. By Art. 4, log. — =: log, m — log. n. But the 

fraction being proper, m is less than n / therefore also log. m 
is less than log. n, and consequently log. m — log. is is, upon 
the whole, a subtractive number. 1 his, &c. 

3 

Thus log. -J zz log. 3 — log, 4 ; but log. 3 — log. 4 is, by 

the Table, equal to ,477121 — ,602060, which is a subtractivt 
number, sell. — ,12493*J, 

Art. 63. The log, of a frtietion is equal to the log. of Itg 
reciprocal with a different sign. 

Let - be the fraction. Then loff. — =: — log. — . 

m ' 

Dbm. Log. — = Iog.m —log. », by Art. 4. 

log. — = log. n — log. m, by the same. 

But (log, m — log. n) = — (log* n — log. m) ; that is, log. - 

— — log. — . This, &c. 

3 4 3 

Thus log. ^ — — log. J. For log. j = log. 3 — log. 4, 

I. e. by the Table, ,477121 — ,602060, or — ,124939; and 

4 

log. J = log. 4 — log. 3, I. e. by the Table, ,602060 — 

,477121. or ,124 939. 



) 
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Obt* 1. In the common system of Logarithms, where the 
base is 10, the saccessive powers of 10, whose indices are addi- 
tive integers, have for their logs, the saccessive digits ; that is, 
the logs, of 

J, 10,. 100, 1000, 10000, 100000, 1000000, &c. 
are, respectively, 

0, 1, 2, 5, 4, 5, 6, &c. 

4 

The log. of any number between 1 and 10 will therefore be 
some decimal fraction between and 1 ; the log. of any number 
between 10 and 100 will be some mixed number, made up of an 
integer and a decimal, between 1 and 2 ; the log. of any number 
between 100 and 1000 will be some mixed number of the same 
kind between 2 and 3 ; and so on. Hence, when we know be- 
tween what two powers of 10 a number lies, we immediately 
know the tWeg-ro/part of its logarithm ; for it is that of the lesser 
power. Thus, the integral pai-t of log. 12 must be 1, inasmuch 
as 12, lying between 10> and 10«, its log. must be greater than 
that of the former (scil. 1), but less than that of the latter 
(soil. 2). 

Obs. 2. The integral part of a logarithm is called its cha- 
racteristic' 

Because it characterizes all the logarithms between two suc- 
cessive powers of the base. 

Obs, 3. By Art. 6« the logarithms of 

1 1 I 1 I 1 « 

- — — __>• __«..i_ ■^_^__aa _^_____^ &C 

10' 100' 1000' 10000' lOOOOO' lOOOOOO' 

or, 10-s 10-«, 10-s, 10-4, 10-5, 10-«, &c. 

are respectively, 

— 1, —2, —3, —4, —5, — 6, &c. 

Hence, as logarithm 1 =i 0, the logarithm of any number 
between '1 (or 10—") and 1, must.be between — 1 and 0; that 
is, it must consist of — 1, and some additive decimal fraction, 
such that the whole logarithm will not be equal to 0, In 
the same way the logarithm of any number between lO-> and 
10-*, must 6e between — 2 and — 1 ; that is, it must consist 
of — 2, and some additive decimal which will not render the 
whole logarithm equal to — 1 : and so on. Prom this we see that 
the subtractive integers of logarithms are also characteristics ; as 
they belong respectively to each class of logarithms, between 
the successive powers of 10 with subtractive indices. We cannot 
tirrite down the logarithms of such powers with a subtractive 
sign before them, as it might sometimes be forgotten that this 
sign appertained solely to the characteristic integer, the decimal 
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part of the log, being* additive ; we therefore write them down 
Miithasubtractivesignai^ovdthe characteristie, which shows that 
this is subtractive, whilst the decimal part is additive. Thus, the 

log. of 1 is written FOOOOOO, which signifies — 1 + -OOOOOO; the 

log. of '46521, which lies between *1 and 1, is written 1*667649, 
which signifies — I + -667649; 

NoTB. In some logarithmic Tables the characteristic is omitted, 
being so easily supplied by the reader, who has merely to con> 
sider between what two successive powers of 10 the number of 
which he seeks the logarithm occurs. Thus, log. 99 is some* 
times given in the Tables '995635, although it is truly 1 -995635. 
But the reader considering that 99 lies between 10> and 10«, 
knows that the characteristic, or integral part, of its logarithm 
must be 1, with which it is therefore needless to encumber the 
Table. 



THE APPLICATION OF ALGEBRA TO 

GEOMETRY. 



LESSON L 

Principles of the Science. 

Those who have read oar Algebra most have observed 
hffw much computation is abbreviated by the use of signs/ 
or symbols ; thus the formula 

(a— 5)* = a* + ^*-2ad 

expresses in a very brief manner the following drcumlocu- 
tory theorem : the square of the difference between a and 
b is equal to the sum of the squares of a and of b, diminished 
by twice the product of a and b. It must have been like- 
wise sufficiently manifest that the operations performed on 
quantities^ as well as the methods of expressing their mutual 
i^ations^ were greatly facilitated by the same means. But 
the symbols +^ — 3 => ^^ in reality no more proper to 
Algeora than to Geometry ; they may serve to connect antf 
quantities whatsoever which are capable of addition^ sub- 
tracticm^ and equality. 1£, therefore^ we find them so useful 
in the one Sciencci why not adopt them in the other ? Why 
QOt apply them to geometrical as well as numerical quan- 
ties ? liet us compare, for example. Art. 37, Gbombtrv^ 
as given in that treatise, with the same Article, expressed 
in symbols. 

* Abt. 37* The three internal angles of any triangle taken 
together ate equal to two right angles. 

In the triangle abg, the ipgles 4BC> qga, oab, taken to« 
gether, are equal to two right angles. 
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Dem. By Abt. 9^ tlie angles bca^ 
BCD together are equal to two right 
angles ; but by preceding Abt. the 
angle bcd is equal to the two angles 
ABC^ BAG together. Hence^ the 
angles bca^ abc^ bac together are 
equal to two right angles. This, &c. 

The same in symbols : 

Art. 37. The 3 internal angles of any triangle together 
= 2 right angles. 

In the triangle abc, the angles abc + boa + gab = 2 
right angles. 

Dem. By Art. 9, the angles bca -f- bcd = 2 right angles ; 
but by preceding Art. the angle bcd = the angles abc 
-f bag. Hence the angles bca + abc + bag = 2 right 
angles. This> &c. 

Here we see that the use of symbols enables us to con- 
tract our expressions and operations to a remarkable degree ; 
and the abbreviation would be much more evident in a 
longer theorem. Henceforward, therefore, we shall adopt 
these signs wherever it is convenient. Unwillingness to 
burthen the student's memory with more than was abso- 
lutely requisite, alQue prevented us from adopting them in 
our Geometry. Now that he has become familiar witi 
them, he will find every demonstration in which they are 
used become not only wiorter, but clearer by their Intro- 
duction. 

Again : The letters of the alphabet, a, 5, c, &c., x, y^ z, 
are not restricted by any necessity whatever to stand for 
numbers ; they may represent whatever we like, and geo- 
metrical quantities with the same advantage as numerical. 
Thus, in the ab6ve triangle, the letter a may stand for the 
angle abc, the letter b for the angle bca, and the letter c 
for the angle gab. If the letter d also stood for the angle 
BCD, and the letter r for a right angle, the above demon- 
stration would appear under this still more abbreviated 
form. 

DsM. By Art. 9, 6 + (f = 2r ; but by preceding Abt. 
flf = 4- c Hence, & + ^ + c = 2r. This, &c. 
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So far^ and in similar cases^ there is no difficulty nor im« 
propriety^ in the use of letters -to represent geometrical 
quantities. But aware of the great facility afforded by the 
algebraical methods of computation^ when we seek to apply 
these to Geometry^ some difficulty and a great deal of im- 
propriety would arise if the application were made directly, 
and without suitable preparation. Throughout Algebra, 
letters must represent numbers ', because they are multi- 
plied, divided, rooted, &c., which terms are properly nu- 
merical, and cannot be transferred, except in the way of 
analogy, to geometrical operations. If, therefore, we take ' 
certain letters to represent ( as they may, without any pre- 
paration) certain geometrical, and likewise certain niinle- 
rical quantities, which have no connexion with the former ; 
if we then put these letters through a series of algebraical 
operations, these will be always rational when the letters are 
considered as numbers, but often totally absurd when the 
letters are considered as lines, angles, parallelograms, &c. 

Thus, if a, b, c, stand respec- 
tively for the lines ab, cd, bp, ^ B ; 

and likewise for the numbers 6, ^ ' 

hr " 

4,3, respectively; then, — con-i 

sidered in its numerical capacity, 

is equal to a fourth-proportional to a, b, and c, by Obs, 2, 

4x3 
Art. 3, Alg. i. e, — ^ = 2, which is a fourth-proportional 

to 6, 4, and 3. But if a, b, and c be considered as lines 

J .1 ^^ -n CD X BP . ' 

AB, CD, and EP, then — will represent , i. e, toe 

a ^ AB 

Hne CO multiplied by the line ep, and this product divided 

by the line ab ; which is wholly unintelligible. 

But there is a mode of connecting geometrical with nu- 
merical quantities, so that the results of operations algebrai- 
cally performed on the one should be applicable to the 
other ; thereby enabling us, indirectly, to avail ourselves of 
algebraical computation in finding out the properties of 
lines, angles, and figures, which is the object of the Appli- 
cation OP Algebra to Geometrt. 
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^ tbere does not subsbt any natural connexion between 
tlie above two kinds of quantity, we must institute sack a 
one as will serve our purpose. All numbers are referred to 
unity ; and by their relation to it tbey are estimated. How, 
snppOHe we take a line of a certain length, and to this refer 
all other lines, and estimate their magnitude by their rela- 
tion to it, will not this cbosen line be to all other lines what 
unity is to all other nnmbers ? Esactly: and in consequence 
wo may designate this particular line tlie linear unit,— 
If MH, for instance, be the linear 
unit tdiosen, then every other line ■'^l ] ** 
may be considered as made up of mI— In 
it, ot some submultiple of it, re- 
peated a cartain numba- of times, C A 
in the same manner as every other 
Bsmber is considered as made up of 
nnity, or some submultiple of it, re- 

K.ted a certain nntnber of times*. 
ns, suppose as is three tJmes the 
length of UN, this line as will have 
the same ratio to un as 3 has to 1. 
And if AO is equal to three-fourth 

parts of UN, this line ac will have the same ratio to kn aa 
)hastol. AlsoAB will have to ag the same ratio as 3 has 
to |. We have now established a conneuon betweeniuief 
and nnmbers; there is tittle more difSculty in estaUiahing 
one between surfaces and numbers. 

Suppose a square described on mn, and the line ai taken 

' Tbxn are cctUdd tminbera, siz. lardi, or incommaiiuralle Qumben, 
vfaich oather unit;, nor w; submultiple of it, how eften soever repealed, 
equals exactly, but alvaya leaves a remBinder leu tban uuity, or the 
Buhmultiple taken. Hence, bv tuking a eubmulliple continually Uh and 
Ie», there Till be left a iraiaindei etmtinually legs and leia ; k> tbat at 
lurgtb we may take such a submultiple of unity ae will leave a remainder 
ro gmall that ibe surd may he considered agmadeupofthiBEubmuItipIe 
a certain nuoibeT of tlmea repeated. There are also certain liiui faicom- 
meDEUTable with the linear unit, i. e. which neither it, nor any sntk 
multiple of it, how often soever repeated, equals exactly. But " in the 
■■me mannd" we may take such a submultiple of the Uncar unlta* will 
leave a remaitiiler so small that the ir commensurable lice may be con. 
sideiedas made up of this submultiple a Certain namber of timencpeBUd. 
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= MN^ and the rectangle aidb completed. It k evident 
that if the parallels bo^ fb, be drawn^ the several rectangles 
into which aidb is divided are squares/ each equal tOMSOP, 
and as many in number as there aire parts = UN in ab. 
Consequently the whole rectangle aibb has the same rela* 
tion to MNOP as the number of these parts has te unity^ t . e. 
as 3 : 1. In the sa3ne way^ if ak be taken = teoice mn, and 
the rectangle aklb be completed^ and the parallels bq^ fr, 
be drawn^ there will be twice as many squares = mnop in 
the rectangle aklb as there are parts = mn in ab> i. e. 
AKLB is to MNOP as 2 X 3 : 1 : And so on ; if as be taken 
^thrice mv, there will be thrice as many squares = mnop 
in the rectangle astb as there are parts = mn in ab^ i.^. 
ASTB is to MNOP as 3 X 3: 1. Genendly: the rectangle 
Auvw is to UNOP as the number (suppose a) of UK's in ab,- 
multiplied by the number (suppose b) of mm's in au, is to 
unity, i. e. auvw is to mnop as a x 6 : 1. Hence, as the 
square of mn has to any other rectangle under two linesji 
such as AW, AU, the same relation as unity has to the pio- 
dnet whose factors represent these lines, w^ may designate 
MNOP the unit of rectangles ,* or more generally, the mtperm 
fidal unit, all surfieices being reducible to rectangles. Every 
surface may be considered as made up of mnop, or son^ 
snbmultiple of it, repeated a certain number of times, in the 
same manner as every product is considered as made up of 
unity, or some submultiple of it, repeated a certain number 
of tunes. Thus we have established a connexion between 
surfaces and products. 

It is to be observed, that in establishing the above con* 
nexion between products and rectangles, we always suppose 
the sides of the latter referred to that linear unit, whose 
square is the superficial unit to which we refer the rect- 
anzles. llius, in the above figure, the rectangle auvw is 
rererred to the square mnop as its unit, and the sides of 
this rectangle au, aw, are each referred to a line mn aa 
their unit, of which line mnop is the square. This is much 
more convenient than to refer lines to a linear unit, such as 
MN, and surfaces to a superficial unit either greater or less 
than the square of mn, though we may take any linear and 
superficial units we please, however independent of each 
other. Algebra may now be applied to Geometry without 



tatibaftmmidm. Ifw«fc»e 

any Uttm, •,*,«,» '"^f*^ c 

litem; and nmnn^ thrae letnn ^ 

tbfMiC^ any «iit «( a^elmkal 

wfiMfHT bethoKof iminben; to* W "'*^/^^*,*^^ 
lief ioM abore -toWidwd, thae nWto may be translated 
Into Mometrical langnage, m u to«^«^ corj«ToiuUiig 
rwttUi fn the line« wpre«nted. Ttni, if cd be a mean 
pfmwrtioiial between ab aad w, let a stand ft* ab, * for cd, 
Alld C f(V BP : dien, 

a:h::b:e 

.: by A«i. 8, Alo. o x c = 6*; 
tbat b, the produrt of the extremes is equal to the 2d power 
of the mean ; which, tranBlated into geometncal ia^nage, 
■OOOrdJng to the connexion above established, is, Oiat lie 
rcetangla under the extremes ab and bf is equal to the 
ffuir* of the mean Od. In this manner the algebrMcal 
rwult polnti out a geometrical truth (Akt. 102, GaoM.), 
not Yory remote, Int^d, but Bufficiently illnstrative. 

In aU iiuoh oaloulatloni, thereibre, we have only to keep 
In mind tliat the geometri<»l quantities represented by 
Ivttara are related to a linear, or Buperficial, unit, aa the 
liutnbar, or product, la related to 1. It is not, however, 
■■(KWNKitry to *peo\fu the geometrical unit ; we have only to 
titpuoit »uoh n unft, in order that the calculation should be 
ai'I'HwMble to Ooometry. With the above recollectioa, in 
evMy Nuoh oftloulation, the first power of a letter is always 
« .U "'" r"*|^ " representing a line (referred to a lioear 
li I. 'f '"*'"' 't«lf « to \) ; and a product of two 
«wMtt, iZ^t **5 ""^'"■tood as repr^ting a rect- 
K/«u^"r':^^'^ to tbat linear um'i, and it? surfece 
M* lo IJ,""" •'»»'• -Mae, u the factors and tte product 

, ''l^'' ACPUcatloo rf Alg«b« to Geometry, the si 
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'^' ^*quentlf a somewhat different 
d«ri«ii.iM,i' J'", ' algebraiol one; a meaniBg, 
I* tWftuHj, "*^»«»>»e»ioii above esttbUshed, and 
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1^. The sign of equatUy is often put between a letter and 
a geometrical quantity ; not in its usual acceptation^ as de- 
noting that the former is equal to the latter^ but that the 
former has to unity the same relation as the latter to the 
geometrical unit. Thus^ a = AB/in the above figure^ means^ 
not that a is equal to ab^ which would be absurd^ as a number 
cannot equal a line^ but that a : 1 : : ab : mn (the linear unit). 
So that the sign =, in such cases^ must be translated by 
the word represents, instead of is equal to ; a. = ab means 
that a represents the line ab. 

2^. The sign of multiplication is often put between two 
lines ; not in its usual acceptation^ as denoting that these 
lines are to be multiplied^ which would be absurd ; but that 
the number of linear units in the one is to be multiplied by 
the number of linear units in the other ; which will give 
the number of superficial units in the rectangle. In our 
Algebra^ p. 43« we have shown^ that from the analogy be- 
tween a product and rectangle the geometrical term square 
was appbed to the second power of a number; so^ recipro* 
cally, uie numerical term product is, in this science^ often 
applied to a rectangle under two lines> the lines being con« 
udered as the factors of the product. Henceforward^ there- 
fore^ when we speak of the product of two lines, or put the 
sign X between them^ thus, ab x gd, it is to be under- 
stood that we mean only the rectangle under such lines, or 
the product of the numbers which express their respective 
ratios to the linear unit. For example, if ab = 2mn, and 
CD =: 3mn, then ab x cd = 3m n x 2mn, that is, six times 
the square of mn, supposing the lines formed into a\ rect- 
angle. 

3^. The sign -7- between two lines, thus, ab -^ go, is not 
recognised in the Application of Algebra to Geometry ; but 

thus, — , it signifies the same as it does in Algebra-, namely, 

CD ^ 

a ratio, viz. that of ab : cd, just as the numbers a and b 

in this form l-j-) express the ratio of a b, (Art. 10. 

Alo.). Almost all the rules of Fractions will be found 
applicable to such geometrical fractions referred to their 
proper unit, according to the system above explained. 
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4P, The dgii J^, tfrer a number^ is used to express tkat 
other number whose second power is the given number ; 

thoBi, »/a* is another way of exprescgng a whose sqiiare is 

<^. And in like manner the sign y/ , over a geometrical 
quantity; is used to express that other geometrical quan- 
a^;^ s^re i. thTgivcn geametriJ^nanthy , W 
^ AB^ is another wa y of exp ressing the line ab whose square 
is AB^. Likewise «/a x 6 designates that number (sup* 
pose x) whose 2d power = a x 6> for ^/o^ = ,Ja^ =? jp; 
^d ^AB X CD designates that line (suppose gh). whose 

square = ab x cd^ for «/ab xcd = ^/B^ = gh. And so 
on £nr all other quantities under the radical sign. When^ 
ia the present sdenoe^ therefore, we speak of the squaf &- 
poot of a square, or rectangle, we mean m the first case the 
dde of the square, in the second case -the side of a square 
e^ial to the rectan^e *. 

* It 18 easy to extend the abore pnndples to solids: 

A cube It a toRd amttOmed j tf jf £ 

hy fix equal squares, as in the " """ 
s flWCTe d figure, whoe mkop, 

XPAB^ MBCK, ABCB, DCITO, 

D0FA, areafl sqvians equal to 
esdbodwr. 

Now, if MK, MP, MB, be 
ptoduoed to any lengths me^ 
*F, HGr, and the rectangles w? 

HBIF, MFKfi^, MGHE, be *^""— 

opn^deted ; also if the pkuies 







«KLH, LBEI, ILKF, be 16- 
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spectiyely parallel to these ''v^ **•.., 

rectangles, then the solid '*•%, j '*••... 

FIXMOHX.K is called a* rectan- ****j... !, 

guiar^araUelopiped, Hence, « K 

taking hx as linear unit, the 

cabe MKOPABCD may be considered as the solid units and every other 
rectangular paralldopiped, as that in the figure, may be coiisidered 
as mi^ up of this soUd unit, or some submultipie of it, repeated a 
certain number of times : Consequently, if mn be represent^ by I, 
and ME by 3, then the parallelopiped under^E, mp, and mb, wiU be 
thrice the solid unit, or will be to it as 3 : I ; and if mf be represented 
by 4, then the increased paraQelopiped under he, mf, and hb, will be 
4 times the other, or 12 times the solid unit, i. e. will be to it as 3 X 
4:1; and, finally, if mg be represented .by 5, then the still-increased 
puallelopiped under mo, mf, and me, wm be 5 times the last, of 60 



21 

LESSON II. 

Practical Illustration ((fihe Science. 

In the foregoing observations are contained the prihci« 
pies of this Science ; its practice may be illustrated by a 
very few examples^ which we shall dioose for their pro- 
qiective utility in other parts of our Series^ and generally 
ia all mathematical investigations. As. we shall have to 
refer to them^ it mav be well to class them as Articles. 

Definition. The Area of a figure is the portion qf 
space contained within its boundaries. 

Article 1, The area of a parallelogram is equal to the 
product of any side taken as base, and the corresponding 
altitude. , 



In the parallelogram abcd, if the 
side> AB, be taken as base, and the 
perpendicular to it, be, as altitude ; 
then, the area of abcd=ab x be. 




B 




Dem. Complete the rectangle abef, which is = abcd 
by AftT. 28, Geom. But, by preceding observations^ the 
area of the rectangle abef is expressed by multiplying the 
number of linear uniis in ab into the number of Imear 
units in BE ; that is, by ab x be, supposing each line 
made up of the linear unit (or some submultiple of it) re- 
peated. Therefore also the area of its equal, the paral- 

times ihe solid unit, i. e. will betoitas3x4xd:l; and so on. In 
general, the paralldopiped is to the cube as the number (suppose a) of 
mk's in ME, multiplied by the number (suppose h) of hit's in mf, mul- 
tiplied again by the number (suppose e) of mn*s in mo, is to unity, i. e. 
the parallelepiped is to the solid unit bb a x b x c i I, 

Thus, a rectangular parallelopiped (to which all solids are reducible) 
may be represented algebraically, by a product of three factors repre- 
senting severally the three adjacent edge-lines of the parallelopiped ; and 
whenever we meet such a product it is to be considered geometrically as 
a parallelopiped whose adjacent edge-lines are to the linear unit as the 
factors of wis product are to unity. Hence it follows that the product 
« X a X 01 or a?, represents a cube in geometry ; and, on the contrary, 
that a cube is represented geometrically by the third power of that number 
which represents any one o( its edge-hues, according to what we have 
said, p. 44, Algebra. 
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lelogram abcd, is expressed by ab x be ; or in symbols, 

ABCD = AB X BE. This^ &C. 

Thus if AB were 6 times mn (the linear unit *), and eb 
3 times the same^ then the area of abgd would be = 
18mn«. 

Abt. 2. The area of a triangle is equal to half the pro'- 
duct of any side taken as base, and the corresponding alti" 
tude. 

In the triangle abc^ if the side ac 
be taken as base^ and the perpendi- 
cular to it> BD^ as altitude ; then^ the 

AC X BD 

area of abc = ^ — . 

Dem. By Art. 31/ Oeom.^ the triangle abc is equal to 
half the parallelogram on the same base and between the 
same parallels (i. e. having the same altitude). But by 
Abt. preceding, a parallelogram on the base ac with 
the altitude bd would be = ac x bp. Hence, the tri- 
angle ABC is =— ^ . This, &c'. 

Thus if AC were 8 times mn, and bd 4 times the same, 
then the area of the triangle abc would be = 16mn^. 

Abt. 3. The side of a square is to its diagonal as unity 
to the square^root of two. 

P C 

Let ABCD be a square. Then, ab : bd : : 1 

Dem. Represent ab by s, and bd by d. 
Therefore, Art. 47, Geom., as ab = ad 

d"^ = 2s^_ 

.'. Art. 7* Alo. si d \il :\/2, 

i. e; AB : BD : : 1 : «/2. 
This, &c. 

* In practice the linear unit is generally supposed to be a line of an 
inch in length. So that in this case the area of a parallelogram whose 
base was 6 inches, and altitude 3, would be = 18 squares of an inch 
line, i. e. 18 squart-inche*. 
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Art. 4. The altitude of an equilateral triangle is to the 
side as the square'voot of three to two< 

Let ABO be an eq[iiilateral triangle^ bb its B 

altitude. Then, bd : ao : : s/W: 2. 

Dbm. Represent bd by p, and Achj s ; 
therefore^ as ao is divided at the point d 
into two equal parts (Abt. 139, Ubom.) ^ 
either of them ad, will be represented by A, i> C 

^. But, by Art. 47, Gbom., ab* = bd* + ad*, that is. 




...;,• =^*-^ = -, 
>/3. s 



.'. 2p = >/3 . s 

,\ p : s : :is/3 : 2 

This, &c. 

Observation, The altitude of an equilateral triangle is to 
half the side as the square-root of three to unity. 
For, by the third equation above, 

p : 5: :^/3 : 1. 

Art. 5. Given any two sides of a right-angled triangle, 
the third may be found. 

Let any two sides of the triangle 
ABC, right-angled at b, be given, or 
known. Then, the third remaining 
side can be found. 

Dbm. Represent the three sides 
AB, BC, CA, by the letters *, tf, i\ 
respectively. 

By Art. 47, Gbom., 

s"* = «* + *2; 

therefore, any two of these quantities being given the third 
wiU be determined. First let the sides «, /, ahwU the 
right angle be given ; then, ^_^^^ 

3" = V** + «'•• 




24 

diat is^ tbe third side ca is equal to the side of a square 
equal to the sum of squares of ab and of bg. Again^ let 
the side, s", opposite the right angle^ and either of the ot^er 
sides^ s, be given ; then, 

that is^ the third side Be is equal to the side of a squace 
equal to. the difierenoe of the squares of ca and of ab. 
This, &c. 

Thus, if the sides, s, /, about the right angle of a tri- 
angle were given respectively equal to 6 and 8 times the 
linear unit (an inch, for example, which we will represent 
by t), then, 

= Vi00i» = 10J; 

that is, the third side in this case would be equal to ten 
times the linear unit, or 10 inches. 

Again, if the side, «", opposite the right angle of a tri- 
angle were given equal to 5 times t, and one of the other 
sides, /, equal to 4 times i ; then, 

4« = V^"*-*'* 



= V(5i)««(4i)' 



that is, the third side in this case would be equal to three 
times the linear unit, or 3 inches. 

Art. 6. In a rig-ht-angled triangle^ given one of the sides 
about the right angle, and the sum of the other txjoo, the tri- 
angle itself may he found* 

Let ABC be a tri- 
angle right-angled at 
B. Then, if we are 
given one of the sides, 
as AB J about the right 

angle, and a right ^ Ci 

line PQ equal to ac ^ — — ' H 

-f- Bc, we may filid the triangle abc. 
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Dem. Represent ab by s, and pq by a, and ac (which 
is unknown) by x. Consequently bc = pq — ac = a — a?. 
Therefore, by Art. 47, Gboh. 



2 



X» = A« + (fl — 4») 

= 5* + fl* + ^* — 2flr 
.-. = 5* + a« — 2ax 
.-. 2(M? = «« + a2 



ar = 



58 + flS 



2a 



that is, if we take a righfr line (suppose gh represented by 
6) whose square = ab^ + ^Q^ = 4* + a% then 

2a 

or, in other words, a: is a third proportional to 2a and b. 
Having thus found ac, we may find bc, for bc = pq — 

AC. 

This, &c. 

Art. 7« Given the base and altitude of a triangle, the 
inscribed square may be found. 

Let ABC be a triangle, ac its base, bd 
its altitude. Then the area of efgh, 
the inscribed square, may be found. 

Deai, Represent the base ac by by 
and the altitude vd by a, and of the 
side of the inscribed square (which is AtlsTD 
unknown) by x. Then, Art. 112, Geoh. 

AC : FO : : BC : BO : : BD : Bi, or, as Bl = BD — ID, 
b i X : : a I a '^ X, 

.*. (a — «) zz ax 
.*. ba -^ bx =: ax 
.'. ba =^ ax -^ bx 
ab 

a+ b 

that is, x i^ a fourth proportional to (a + b), b, and a. 
Having thus found the side of the inscribed square, the 
square itself is determined, lliis, &c. 

Obs, If the question proposed bc numericalf thftt is to 
say, if the known quantities be given as so many ' 




IT 
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parts of an inqh (an inch being supposed the linear unit), 
and if the sought quantity be required jonly in the same 
terms> this is immediately presented by the final equation^ 
I'hus, in the above example^ if b were given- = 12 inches, 
and a = 4 inches^ then we should have 

4.12 - 

^ = 4TT2=3' . 

that is, the side of the inscribed square would be = 3 inches, 
and .*. the square itself would be = 9 square inches. 

But if the question proposed be geometrtcntl, that is to 
say, if the sought quantity be required in its geometrical 
magnitude, although its value is presented by the final 
equation, the quantity itself remains to be found by a con- 
struction. Thus, in the same example, if the square be 
required, not in numbers of square inches, but in actual 
geometric dimensions, we must^ firom the value found for 
X, scil. 

ab 

construct it. And a method of doing this is suggested by 
the equation. Draw bk parallel to ac, and 6qual to Bi>. 
Join AK, and draw of parallel to ag, from the point 6, 
where ak meets one side of the triangle, to the other. 
Then, of will be a side of the inscribed square,* For, 
GF : BK : : GA : KA, by Art. 112, Geoi^.. But the trian- 
gles Aoc, and bgk, being equiangular to each other^ AG ; 
GK : : AC : bk, by the saiqe Art. Therefore, convertendo, 
AG : AG -f OK : : AC : AC 4- bk, or.AO : ak : : ac : AC -f- bd. 
Consequently, gf : bk : : ac : ac + bd ; that is, x : a :: 
b : a + b. Hence, x has been constructed a fourth-pro- 
portional to (fl -f b), by and a ; and therefore is the side of 
the square required, on which we have only to form a 
square that the question may be resolved. 

However, not only the actual geometric dimensions, but 
the due position of the sought quantity, may be required. 
This also is frequently indicated by the equation. Thus, 
in the same .example, not only the size of the inscribed 
square may be required, but its due position. In order to 
investigate its due position, it is not sufiicient that we find 
a fourth proportional to (a -f b), b, and a, for that will only 
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be the side of tlie square^ in magnitude ; it might be found 
as well entirely apart from the figure as ii^ it. Q^t the 
construction given above, connected as it is'with the lines 
of the figure, determines not only the magnitude of the 
square> but the point o, in which two of its sides, of and 
OH, meet ; so tlmt the position, efoh, of the square^ is also 
determined. For> after having drawn of as above, if we 
draw 0H9 FE, perpendicular to Ac^ it may be easily showg 
that the figure efoh is a square^ as f(^ows. By Art. 
112, Geom. fe : bd : : fa : ba : : fo : bk. Thererore fe : 
BD : : FO : bk. But bd = bk, therefore fe = fo. Hence 
EFOH being a right-angled parallelogram, with two adja- 
cent sides equal, is a square (Def. XIII. Geom.)* In 
this manner we have found the actual square inscribed in 
the triangle, and its actual position. 

Another example or two will elucidate these observations. 

Art. 8. To divide a right line into two such parts that 
the square of one may he equal to the rectangle under the 
other and the whole line. 

Let ab be the given right line. -p 

It is required to divide it into ,.. • yr..^ 

two parts, ae and eb, so that we /• ' / j ' n^ 

may nave ae^ = eb x ab. / / ! 

Operation. Represent ab by ? _ / ; \ 

a, and the unknown quantity E' C A - E B 

ab by X. Then, as the square of the sought part ae must 
be equal to the rectangle (ab — ae) x ab, we have this 
equation, 

a;« = (^ — ar) a 






This equation determines the length of ae in numbers^ at 
once > that of ab being supposed £iown. But if it be re- 
quired to find the geometrical length of ae, we must con- 
struct the value of jr presented by the equation. 

Construction. Produce ab through a^ and take ac = 

AB 

-jg-. Draw AD perpendicular and equal to ab. Join cd, 
and with cd as radius describe the semicircle «**«■' ♦*-'>m 
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the point c as centre. Then, the part ab cut off from ab 
by this semicircle will be the line sought. 
Dem. By Art. 47, Geom. cd^ = ca^ 4- ad^ = ca^ 4- 

AB« =( -- J + AB» = -T-+ ^^ ' Consequently, as cd 
= CK, we have 



AB^ 



CB« = — -f AB- 



=*yt- 



CE = ± / -J- -f Ab2 



-/ 



^AB^ 
CA 4- AE = ± / -J- + AB^ 



/AB2 
AE = — CA ± / "V "^ ^^ 



or. 



AE 






Hence, we see that, by the preceding construction, ae 
has the same value as or, and is therefore the sought quan- 
tity, or the part of the line required *. 

Obs. 1. In the application of Algebra to the solution of 
geometrical questions, we sometimes, as in the above ex- 
ample, obtain more than a single value for the sought quan- 
tity. Of these we must select that which will answer the 
question proposed ; but the other will always answer some 
olker question, related to the given one, and, indeed, merely 
an extension of it. Thus, inasmuch as we require the line 
AB, itself'^ to be divided as above, we must take the first 
value of iV ; for then 

* From the equation a-' := (« — «? ) a:, we have found the value of x, 
and therefore need only show that by our construction this value is repre- 
sented geometrically in the line ae, as we have done above. For, an 
the value of x must be the true answer to the question, its representative 
must likewise be the true answer to the question^ But we may demon- 
strate geometrically^ that ae is the true answer to the question, thus: 

CA« -f AB« = CA« + AD« = CD« = CE» = CA* -f AE« -\- 2CA X AE 

(Aht. 92, Geom.). Consequently, ab* = ae^ -f- 2ca x ae = ae* 
-j- AB X ae. Therefore, ae^ = ab'* — ab x ae = ab X eb (Art. 
90, Geom). This, &c. 



AB* 



29 



== CE — CA = AE. 

But the other value of ar^ soil. 

a fu^ ^ AB /ab* 

= — CA — CB = — (CA -f CE) = — AE', 

which has been found by the same construction^ will answer 
a question different from, yet related to, the first ; viz. To 
produce a right line, so that the square of the part produced 
may be cqucd to the rectangle under the line itself and the 
whole produced line. 

Thus, AB has been produced through a to fi', and ae'« = 
b'b X AB, as the reader may easily demonstrate *. Hence, 
the application of Algebra to Geometry not only solves the 
question proposed, but by sometimes furnishing more than 
one answer, teaches us that our question was capable of 
more generality than we imagined^ and enlarges our know- 
ledge, by the su^estion of other truths which we did not 
look for. 

Obs. 2. To divide a right line, as in the preceding Article, 
is technically denominated, — cutting a right line in extreme 
and mean ratio ; because ae is a geometric mean between 
the extremes ab, eb ; and ae' a geometric mean between 
AB, BB ; by Art. 103, Geom. 

Art. 9 Given the greater of two geometric ejptremcs, 
and the difference between the lesser and mean^ the mean 
may he found* 

Let AB be the ,- '"-vJByf 

greater extreme, ^i .'•''' / 

CD the difference / / /i 

between it and D / // 

the lesser. Then / // 

the mean may j^ jj - B 
be found. 



Nj 



• ae' = CE + ca = 2ca -f- AE = AB -f AE. Therefore, ae'« « 

AB« -i- 2aB X ae -f- AE« = AB9 -j- 2AB X AE -f AB X EB = AB X 
(AB 4- 2AE -h Eb) = AB X (as -f AB -f- AE) = AB X (AB-f AE'^ 

« AB X e'b. This,&c 
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Operation. Represei^t ab by a^ cd by d, and the sought 
mean by ^. By the condition of the question proposed, — 

a 

is the lesser extreme 3 and we have 



• • 



X = £/ 

a 

ax -^ d^ =z ad 

jfi-^ax rz ^ ad 



This equation shows that the question admits of two 
answers, though but one was sought. If, for instance, the 
lines were given in numbers, viz. ab = 6 (times the linear 

unit) and en = ^ (of the linear unit), then we should have 

* =3± >/9-6.f 
= 3 ± V4 
= 5 or 1; 

that is, the mean would be 5 times, or once, the linear unit ; 
and the Series of proportionals would be, in linear measir'e, 
either 

' 6, 5, 4J . 
or, 6, 1, I . 

But if the geometrical answers be sought, we must exl ibif 
them as follows : 

Cons. Divide ab into two equal parts at e, and on either, 
as EB, describe the semicircle efb. Find a mean propor- 
tional BP between ab and cd, by Prob. XX, Geometry. 
With B as a centre, and with the line bf as distance, dp ■ 
scribe an arch cutting efb in f. Join ef, and with £ 
as centre, and ef as distance, describe the semicircle hfg. 
Then, ao or ah, will be the mean sought. 

Dbm. By Art. 72, Geom. the angle at f is a right one ; 
/. by Art. 47, Geom. 

EP* = JBB* — FB* 
.'. EF = ± v' EB* — FB* 
.'. AG =: AE + EG = AE -f- EF = AE + y/ EB* — FB?, 
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and, AH = AE — EH = AE — EF ^ AB — . J KB^ — FB^ 



or, as J-B* =: AB X CD, 



AO = g + 



and, AH = ^ — / J — cr/ . 



Therefore AO and ah are the means, determined by the 
equation ; and the series of proportionals are either 

, AB, AG, AO — CD, 
or, AB, AH, AH — CD. 

' Art. 10. Given the three sides of a triangle, we may find 
its area. 

Let ABC be any triangle, of which 
we are given the sides ab, bc, and 
AC, Then the area of the triangle 
may be fonnd. 

Operation. Suppose a perpen- 
<^"cular BD drawn to any side ac, 
from the vertex of the opposite 
angle. Represent ac by a, ab by b, ^ 
BC by c ; bo (which is unknoivn) 
by jf, and ad, one of the segments of ac made by the per- 
pendicular (which is also unknown), by y. Then, by Art. 2, 

Jpd 4 

the area of the triangle is = -^. But by Art. 47> Geom. 

and, c« = .!?« + la^y)\ 

Here we have two equations, with two unknown qaan* 
tities ; from which we can find the valuQ^ of either, as y. 
Thus: 




. Obs. In Article 9, if ad be greater than ■-• ; that is, if 

4 

the rectangle ab x cd be greater than the sqaare of half ab, 

the values for the soaght mean will be impossible (Obs» 2*, 

Art. 55, Alg.). In other words, no mean can be found under 

the conditions of the question. But the impossible form under 

which tlie root x would in such case appear, has the same use in 

this science that it has in pure Algebra. First : it teaches us how 

$0 modify the question, so that the whole quantity under the 
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from the first, j?* = A»— ^^ 
... second, x* = c*— {a^yY, 

••• ^=2 + -2r- 

The value of y is here determined in known quantities, 
a, b, and c. We have therefore only to subtract the square 
of this value from b^, and we get a?* in known quantities, 
by the first equation. The square-root of this will repre* 
sent the perpendicular, which we are to multiply by the 
side on which it falls, and half the product will be the area 
required. 

Thus, if AC, AB, and bc, were given respectively equal to 
11, 20, and 13 times the linear unit ; then we shall have 

_ n 20«--13«' 

^ "" 2 "^ ~2 . 11 

-2--^-2- = ^^- 

Subtracting 16* from 20® we get 12®, which is the square 
of the perpendicular. Therefore the perpendicular itself is 
12 ; and half the product of this and the corresponding 
side 11, gives 66, which is the area of the triangle in squares 
of the linear unit. 

radical sign shall become additive, or at least =: 0. Thus, if en 
were given greater than -— , suppose -^, the radical quantity 
above would become 



a^ a, a 



4 



4 3' 

which is impossible. This teaches us that cd must be given 

AB AB 

either rz --, or less than -;-, in order that a mean should be. 
4 4 

found between ab and a line less than the mean by the quan- 
tity CD •. 

* It is to be noted, that if the series of proportionals is supposed an 
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LESSON m. 

Obs, We will coHclude this Treatise with a few general 
rules^ by which the practitioner nvay find it useful to guide 
himself in the application of his a^ebraical knowledge to 
questions in Geometry. We shall, however^ premise, thathis 
own ingenuity and experience will suggest much better rules 
than we can pretend to give on this subject^ which is one 
|)eculiarly dependent on such qualifications. Our intention 
IS merely to assist him in that stage of his progress towards 
the full attainment of the science, which must be passed 
before ingenuity can be displayed, or experience obtained. 



1 1 ' 



Secondly: it teaches us the limits between which the known 
qaantities mav vary* In the above questrori, for example, sup*- 
posing i» of a determinate length, cD may be of any len^^th 

between and -^. Likewise^ supposing cd of a determinate 

length, AB may be of any length greater than 4cd. That is to 
say, the least and greatest limits, or iheminimum tLud the masct^ 

AB 

mum of CD are, respectively, and ^; the minimum of ab is 

4cD, bat it has no maximum^ i. e. it may be given as great as 
we please* 

In the same manner, whenever, by the application of Algebra 
to any geometrical question, we get an impossible form of root, 
it enables us to determine the maxima and minima oi the quan- 
tities under consideration^ and thas becomes of signal use in 
Geometry as well as Algebra. 



increatii^ one; that is, if the latter extreme exceeds the mean, we shaU 

have, instead of d? — — a <{, 

a 

a 



%nd the answer will be alwayt poisiblew 



«:S 
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When, by proceeding on our hints, he becomes sufficiently 
master of the art to strike out new methods for himself, 
and to invent new expedients for the easy solution of ques- 
tions placed before him, he may safely discard or neglect 
ours. 

Rule I. When a geometric question is proposed to be 
resolved algebraically, a figure is to be drawn which shall 
represent £ul the several lines, angles, &c., &c., as well un- 
known as known, involved in the question ; and this figure, 
with all its parts, is to be regarded as if it and all its parts 
were drawn as they should be if the question were already 
solved. 

Thus, in Art. 6, the triangle abc was drawn, and with 
its sides ag, bc, was regarded us if already found. 

KuLE II. If the lines drawn as above should not appear 
sufficient, or sufficiently convenient to an easy solution of 
the question, such other lines are to be drawn as niiay appear 
to facilitate this object, by their connexion with the known 
parts of the figure. 

Thus, in Art. 10, to draw the triangle abc was not 
sufficient ; in order to determine its area, it was found con- 
venient to draw the perpendicular bd, dividing tlie base 
into segments, from whose relation to the known sides ba, 
Bc, we were enabled to resolve the question. 

Rule III. Represent the several parts of the figure 
which may enter into calculation by letters; and after 
having duly considered the nature of the question, ^* state 
the several dependencies, or connexions, of these quantities, 
known and unknown, by means of these algebraical quan- 
tities, iu as many separate equations ; so tlmt, if possible, 
the number of independent equations may^ be equal to the 
number of the unknown qusmtities," according to Art. 58, 
Algebra. We have then only to find the value, or values, 
of the unknown quantity, or quantities, and the proposed 
question will be resolved numerically, while the answer in 
almost every case will point out a geometrical construction. 

Thus, in Art. 10, we represented the three sides ac, ab, 
BC, the perpendicular bd, and the segment ap» by the letters 
a, b, c, «r, y, respectively ; we then stated the connexions 
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t>f these five geometric quantities by means of the five cor- 
responding aJ^ebraic quantities^ in as many independent 
equations as there were unknown quantities, viz, two ; 

^2 ^ a:^ + y«^ 

and, r« = a;« + (a — 5^)^. 

which equations we were enabled to institute by duly con* 
sidering the nature of the question proposed. We then 
found the value of 1/, by the common principles for tlie 
resolution of equations^ and determined from it the value 
of X, by means of the first equation ; this value for jp, mul- 
tiplied by half b, gave the area of the triangle^ as required. 

Obn, 1. The utility of drawing the figure^ and all its parts, 
known and unknown^ together with^ on some occasions, addi- 
tional lines> consists in this : that regarding the figure, with 
all its parts> as if it and they were all drawn as they should 
be, were the question already solved, this diagram will then 
suggest what relations would subsist between the known 
and unknown parts, if the latter were actually found. So 
that they may oe actually found by stating those relations, 
and arguing upon them. 

Thus, in Art. 6, by drawing the triangle abc, and re- 
garding AC, BC, as if they were already found, we perceive 
that the following relation subsists between ac, bg, and ab, 
viz . A€* = BG ' + ab*; and as, by the condition of the question, 
BC = PQ — AG, we have ac* = (pq — ag)* 4- ab*; that is, 
in algebraical language, .r* = (a — a?)* + 6*. By operating 
on this relation we obtain the value of x. 

There are other Rules for the application of Algebra to 
Geometry ; but as they contemplate a much greater advance 
in the study than is necessary for our readers, their inser- 
tion here would be superfluous. 

. Obs. 2. Before putting the above rules in practice, it 
may be useful to understand a method by which geometers 
agree to represent algebraical quantities with different signs , 
but all standing for right lines, in u way commodious for 
their own science. 

If we take a right line x'x, and a point in it, a 5 and if 
ive suppose all the positive or atlditive numbers, which, in • 
an algebraical computation, represent lines, measured from 



36 

the point A in one direction ax^ 
then all the negative or sud~ Y 

tractive numbers may be con- 
veniently representea by lines 
measured in the opposite direc- / . ^_ 



-^ 



B 

-f- 



w 



tion from a on ax'. Thus, if 
the portion ajp be taken to re- Xy' 

present + a, then an equal 
portion ao/^ in the other direc- 'r '^ 

tion, is considered to repre- 
sent — a. Or, if yy' be the measuring right line, and if 
the portion xy be taken to represent + b, then an equal 
portion Ay', in the other direction, is considered to repre- 
sent — b. 

The same method is pursued when, instead of algebraical 
quantities, right lines themselves occur with the sign + or 

— before them, signifying that such lines are to be added 
or subtracted. Thus, + ab is taken in one direction, and 

— AC in the opposite. We shall find the use of this. prin- 
ciple in our next treatise. 



PRAXIS. 



1. What is the area of an equilateral triangle,, in terms 
of its side s} 

Answer. ^^ . 4*. 
4 

2. In a right-angled triangle, given one of the sides {s) 
about the right angle, and the difference (jd) of the other 
two, what are the values of the latter ? 

Ans. -^^;and-.^^. 

3. Given the base, by of an equilateral triangle, what is 
the length of the side of the inscribed square ? 

' Ans. — ^ *b, 
2+ v^3 
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4. In a right-angled trianele whose sides about the right 
angle are equal, what is the length of the side of the in-' 
scribed square standing on either of them («) ; and of that 
standing on the third side (s) ? 

Ans. ^ ; and ^. 

5. If an equilateral triangle be inscribed in a circle^ whose 
radius is r, what is the length of its side ? 

Ans. v^3 . r. 

6. In a right-ansled triangle^ given the side (A) opposite 
the right angle> and the ratio (a : b) of the other sides ; what 
are the values of the latter ? 

Ans. — ■ ; and ■ ■ 



TRIGONOMETRY. 



PART L 



PLANE TRIGONOMETRY. 

Preliminary, 

In the Greek language^ Tpiy(vyos(Trigonos), means a tri- 
angle^ from the two words Tp)g (/m), three, and ywvix 
{.gonia), an angle, because it has three angles ; also Merpov 
(MHron), signifies a measure: Hence the whole term Tri- 
OONOMETRY Signifies, in its primitive acceptation, the mea- 
surement of triangles . There are six, or more properly seven, 
parts in a rectilineal triangle, viz. the three sides, the three 
angles, and the area, or space included by the three sides. 
Certain of these parts being given, that is, being assigned 
in magnitude or proportion ; the others, and therefore the 
triangle itself, have a relative magnitude in proportion ; to 
compute which is the first though not fhe sole object of Tri- 
gononfetry. I'hus, if the sides about the right angle of a 
plane right-angled triangle be given each two feet in length ; 
then, as these sides are equal, each of the acute angles 
must be half a right angle, by Art. IS?? Geometry ; and, 
by Art. 47, Geom. the third side may be discovered, be- 
cause it is equal to a right line whose square equals the 
sum of the squares of the given sides, or twice the square 
of one of them. From one angle and two sides being given, 
we may thus determine the remaining angles and side : the 
area is likewise evidently half the square of either given 
side, and so we obtain a complete knowledge of the triangle. 
By methods jiot very dissimilar, but a litne more difficult, 
we may compute the magnitude and form of any triangle, 
or of its parts, from being given certain of these parts, or 
certain relations between them. 
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' ' This science is, however^ often employed to compute the 
magnitude of angles alone> without considering them to 
belong to triangles ; and instead of Trigonometry , it is then 
more properly called Goniometry, or the measurement of 
angles. It will be more elementary to begin our Treatise 
with the principles of simple Goniometry> and then proceed 
to those of Trigonometry. 



LESSON I. 



Definitions^ &c. 

Observation 1. To determine the magnitude of any given 
angle> we have only to fix upon a certain angle as a standard 
or unit, and then, by comparing the given angle with this. 
we obtain the ma^itude of the fori^ier relative tt> that of 
the latter; just m the same manner as we calculate the 
-magnitude of any given right line by comparing its length 
with that of one which is taken for a standard or linear 
unit, such as an inch, foot, or yard. 

Thus, if we 
fix upon a right 
angle acb, as 
the standard, or 
angular unit, 
and if mno be 
the angle whose 
magnitude is re- 
qi^red, we have 
only to draw gd 
making with ga 
the angle acd equal to mno * ; and as acd is to acb as ad 
to AB (by Art. 168, Geom.) the ratio of the arch ad to the 
quadrant (i. q, fourth part of the whole circle) ab, indicates 
the ratio of the angle acd to a right angle. If we took /our 
right angles, or the whole angular space round the point c, 
as the anguktr unit, then the ratio of the arch ad to the 





*• Vide Problem VIII. Geomethy. 
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whole circumiBetetice a^isa, would indicate the ratio of the 
angle acd to four right angles, by Abt. 169, Geom. 

Suppose, then, that We have taken four 'right angles as 
the angular unit ; and likewise the radius ca of a given 
length, and that we have described the circle abea: we 
may compute the magnitude of mno by the means afore- 
said. For, 

MNo : 4 right angles : : ad : abea. 

Thus, if AD be one-tenth of abea, the angle mno is 
one-tenth of 4 right angles, or of the whole angular space 
round c. 

It is obvious that We 
should considerably faci- 
litate the means of ex-^ 
pressing the magnitudes 
of angles, by supposing 
the whole circumference 
abea divided into a num- 
ber of small equal parts, 
as in the opposite figure, 
where that number is 32. 
Ejp. gr, if the angle were 
ACD, then 

ACD : 4 right angles : : 4 : 32 : : 1 : 8. 

Therefore the magnitude of acd would be expressed by 
saying that it was equal to 4 parts, or the 8th of 4 right 
angles. Instead of 32, however, the goniometrical circle is 
usuallv divided into 360 equal parts, and this number we 
wiU aaopt in our Treatise. 

Obs. 2. The goniometrical circle being supposed divided 
into 360 equal parts, each of these is called a degree ; and 
any number of degrees is signified by placing ° over the 
right shoulder of the number . Thus, j^ve degrees is written 
S^ ; 360 degrees is written 360^ ; and so in general. 

A degree being supposed divided into sixti/ equal parts> 
each of these is called a minute ; and any number of nii<^ 
nutes is signified by placing an accent ' over the right 
fihottlder of the number. Thus, seven minutes is written 7 ; 
9Mt^ minutes is written Gff ; ond so in general. 
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A minute being supposed divided into sixty equal part^i 
each of these is called a second; and any number of seconds 
is signified by placing a double accent " over the right 
shoulder of the number. Thus, nine seconds is written 9"; 
siMy seconds is written 60"; and so in general *. 

Examples. 
75° 19' 11", means 75 degrees +19 minutes +11 seconds. 
42® icy 58", means 42 degrees + 10 minutes + 58 seconds. 

Were the goniometrical circle divided, as above, into 360 
equal parts, and right lines drawn irom the centre to the 
several points of division, the whole angular space round c 
would be also divided into 360 equal parts, by Anxa 85 
and 86, Geom. These parts might consequently be named 
angular degrees; and each angular degree would be divided 
into 60 angular minutes^ each angular minute into 60 an- 
gular seconds, by the continued subdivision of the circum- 
ference as above. Hence, the angular parts corresponding 
exactly with the circumferential ones, the same notation 
would answer for both. Thus, 25° 9' 4" would signify an 
arch 25 degrees + 9 minutes + 4 seconds in circumferential 
length, or an angle 25 degrees + 9 minutes + 4 seconds in 
angular width. Any given number of degrees, minutes, or 
seconds, will, in like manner, express indifferently either an 
arch of the goniometrical circle, or the angle which it spans. 

On the above principles* 

360° will represent the whole 
drcumferenoe abe a, or four 
right angles. 

180° will represent the semi- 
circumference ABE, or two 
right angles. 

90° willrepresentthequadrant 
AB, or one right angle. 

290° will represent three qua- 
drants ABF, or three right 
angles. 

* Subdhiding a second into sixty equal parts, each of these is called 
ihird^ and is signified by three accents '" ; thus, T' means two-thiids. 
a like sexagesimal division we get fourths, marked by four accents 
and thus proceed to fifths, marked by five accents *"", &c. 
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45^ will represent half a quadrant ad, or half a right angk. 
60° will represent one-third of the semi-circumference ag, or 

two-thirds of a right angle. [[Note A.] 

Obs. 3. Instead 
of determining the 
magnitude of anvr 
given angle, such 
as ACD, by the ratio 
of its arch ad to 
the whole circum- 
ference, it is prefer- 
able to determine 
that, magnitude br 
the ratio which 
some right line de- ^ 
pendent upon the 
ande bears to the 
radius of the gonio- 
metrical circle, in- 
asmuch as arches 
and circumferences 
do not enter into 

computation so easily as right lines. For instance, if gd, 
ah, be perpendicular to ac^ meeting cd in d and h respec- 
tively, then the ratio of od, or ah, to ac, determines the 
magnitude of the angle agd. The reason is plain ; because, 
by Art. 114, Gboh., all right-angled triangles which have 
their sides about the right angl» in the same ratio, are 
equiangular to each other : thus, Mtach be any right-angled 
triangle, whose sides aA, ac, about the right angle have the 
same ratio to each other as ah to ac, the angle ach must be 
equal to the angle at ach. Consequently, if in any angle 
ach, the ratio of the perpendicular ah to the line ac (between 
♦his perpendicular and the vertex of the opposite angle) be 
given, the angle ach is determinate, or fixed, and we may 
assign its magnitude by means of the goniometrical circle. 
Ex. gr. Suppose the ratio of aA to nc be given that of un 
to PQ, we have only to raise az perpendicular to ag, and 
take ah in the same ratio to ac as mn to pq ; the angle ach 
will be equal to the angle ach (Art. 114, Geom.), and 
therefore the magnitude of the latter is assigned by speci* 
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fying the ratio of the former to tlie angular unit, or, in other 
words, the number of degrees, minutes, and seconds, it con- 
tains. Upon this principle rest the fundamental theorems 
of the present Science. We proceed to develop them in 
order. 



LESSON II. 

Fundamental Theorems, &c. 

In the goniometrical circle, it is convenient to make a 
distinction between a tangent of the circle and a tangent 
of an arch ; likewise between a secant of the circle and a 
secant of an arch. Thus, the indefinite right line, az, *s 
a tangent of the circle, while only a portion of it, ah, is 
the tangent of the arch ad ; the line, hl, is a secant of 
the same circle, while oidy a portion of it, hg, is the secant 
of the same arch ad. We speak also indifferently of the 
tangent, secant, &c. of the arch, and of the angle to which 
the arch corresponds. Hence, 

Definition I. The tdngent of an arch, or angle, is 
that portion of the geometrical tangent at one extremity 
of the arch, which is intercepted between the sides of the 
corresponding angle. 

Thus, AH is the tangent Qf the arch ad, or of the angle 
acd ; and is generally ^vritten tan ad, or tan acd *. 

Def. II. The secant of an arch, or angle, is that por- 
tion of a geometrical secant through one extremity of the 
arch, which is intercepted between a tangent at the other 
and the centre. 

Thus, CH is the secant of the arch AD, or of the angle 
acd ; and is generally written sec ad, or sec acd. 

Article 1. The square of the secant of an angle is 
equal to the sum qfthe squares of the tangent and of the 
radius, 

* The square of tan acd is thus written : tan^ acd ; and in general 
the index is put, for brevity, over the right shoulder of the goniometrical 
word, instead of that of the whole quantity. 



44 

Let ACD be any angle represented by a. Tben, if we 
represent AC by b, sec^ a ss tan!^ a + r2. 

Demonstration. By Aet. 47, Geom. ch^ = ah^ -f 
AC^. This was the assertion of the present Article. 

Def. III. The complement of an arch, or angle, is the 
difference between it and a quadrant, or right angle. Thus, 
in the last figure, the arch db is the complement of the 
arch DA ; and the angle dcb is the complement of the angle 

DCA. 

Hence, if a represent any arch or angle, its complement 
will be represented by 90^ — A. 

Obs. 1. If BK be a tangent to the circle at b, then bk 
is the tangent of the arch bd, or of the angle bcd, i, e. bk 
is the tangent of the complement of ad, or of acd. This 
tangent is written tan* co, acd, meaning the tangent of the 
complement of acd ; or more usually it is written thus : 
co^tan. ACD, meaning the same thing. In the same manner 
CK is the secant of the complement of acd, and is written 

CO'SeC ACD. 

Obs, 2. If the complementary angle bcd be called b, it 
follows from this Artide, that 

sec^ b = tan^ b 4- r^ ; 
i.e. As the secant of b is the cosecant of a, and the tan- 
gent of B is the cotangent of a, 

cosec^ A = cotan^ a -f r^. 

Art. 2. The rectangle under the tangent and cotan^ 
gent of an arch, or angle, is equal to the square of the 
raditAS* 

Let ACD (fig. prec.) be any imgle, represented by a. 
iThen tan a X cotan a = R^. 

Dem. The angles hac» acb, cbk, being all right angles, 
AH is parallel to cb, and ac to bk. Consequently, by 
Art. 12. Geom., the angle ach = the angle ckb, and the 
angle ah€ = the angle hcb. Therefore, by Art. 112, 
Geom., ah : bc : : ac : bk, . * . (Art. 100, Geom.) ah x 
bk = BC X AC == Ac2. This, &c. 

Def. IV. The sine of an arch, or angle, is the perpen- 
dicular drawn from one extremity of the arch to the opposite 
side of the angle. 
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Thus DG (fig. prec.) is the sine of the arch ad^ or of the 
angle acd^ and is usually written sin ad> or sin acd. 

Obs, If Di be perpendicular to cb, then di is the sine 
of the arch bd^ or of the angle bgd ; i. e, ni is the sine 
of the complement of ad^ or of acd. This sine is usually 
written co-sin acd, meaning, as before^ the sine of the eom-^ 
plement of acd ; it is yet more briefly written cos acd. 

As the triangles dgc^ dic^ are equiangular to each other, 
and have the radius cd a common side, they have all their . 
corresponding parts equals by Art. 7j Geom. Hence, 
Gc is equal to di, and thererore 6C may be taken as the 
sine of bcd ; i. e, as the cosine of acd. 

Art. 3. The square of the radius is equal to the sum of 
the squares of the sine and cosine of an arch or angle. 

Let ACD (fig. prec.) be the angle represented by a. 
Then, »« = sin^ a + cos^ a. 

Dbm. By Art. 47> Geom., cd« = dg« + QC«. This; 
&c. 

Art. 4. The ratio of the sine to the cosine of an angle 
is the same as that of the tangent to the radius. 

Let ACD (iig. prec.) be the angle, represented by a» 

_, sin A tan A 

Ihen, = . 

C9S A R • 

Dem. By Art. 112, Geom., do : ah : ; cg : ac; • . • 

alternando, dg ; cG : : ah : AC, (Application o/* Algebra 

to Geometry, pase 19. 3^) — = — . This, &c. 

** ' CG AC 

Obs Hence, if the complementary angle bcd be called 
B, It follows by this Art., that 

sin B tan b 

COS B R ' 

7. €. As the sine, cosine, and tangent of B are respectively 
the cosine, sine, and cotangent of a, 

COS A cot an a 

sin A R * 

In other words, the ratio of the cosine to the sine of an 
angle is the same as that of the cotangent to the radius. 
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ARTk 5. 7" he rectangle under the secant and cosine of 
an angle is equal to the square of the radius. 

Let ACD (fig. prec.) be the angle^ . represented by a. 
Then sec a x cos Az= r2. 

Dem. By Art. 112, Geom.> ch : cd : : ca : cg; . • . 
by Art. 100, Gbom., ch x cg = cd x ca = ca^. This, 
&c. 

Obs, Hence it follows that, representing the angle sen 
by B, 

sec B X cos B =;= r2 ; 

i. e, as the secant and cosine of b are respectively fh% co- 
secant and sine of a, 

cosec A X sin A = R^. 

Def. V. The versed sine of an arch cw angle is the 
intercept of the diameter between the sine and tangent. 
Thus GA {^g. prec.) is the versed sine of the arch ad, or 
of the angle acd, and is written ver, sin acd. 

Obs. 1. It will easily be perceived that all the above 
definitions of goniometrical lines are applicable, whatever be 
the magnitude of the given angle, although we appear to 
have considered those only, such as acd, which are less 
than a right angle. 

Thus, if acd' be the given 
angle, ah will be its tangent, 
according to Def. I.; be- 
cause ah' is ^' that portion 
of the geometrical tangent 
intercepted between the two 
sides" CA, cd', (the latter 
being produced . backwards 
through c, in order to meet 
the geometrical tangent at 
h'). Also BCD' being the 
difference between the angle 
acd' and a right angle, is the complement of the foimei, 
by Def. III., and therefore bk' is the cotangent of acd'. 

Again ; ch' is the secant of acd', according to Def. II« ; 
and ck', its cosecant. 

Finally : d'g' is the sine of acd', cg' its cosine, ag' its 
versed sine, according to Def. IV. and Obs., end Def. V 
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Obs» 2. Not only may the definitions given above be 
extended to the cases of such angles as acd', but likewise 
the assci'tions made in the preceding Articles and Observa- 
tions. 

• Thus : 

CH '^ = ah'2 -j- AC-, that is, $ed^ acd' = tan^ acd' -f r2. 
(Art. 1.) 

CK'2 = BK 2 -f CB2, ., . . COSeC^ ACD = COton- ACD -f 

r2. (OdjT2. Art. 1.) 
ah' : bc : : AG : bk , .... tan acd' x cotan acd' = r'^ 

(Art. 2.) 
d'g'2 -f cg'2 = r«, ... sin'^ acd' + co5« acd' = r^. 

(Art. 3.) 

5iwacd' ^/iwacd' ^. 
DO : All : : CG : AC, ... ; = . (Art.4.) 

COfACD R ^ 

' , , COS acd' cot an acd' , ^ , 

D I : BK : : CI : CB ... -: ; = . (Obi. 

Sin ACD R 

Art. 4.) 

ch' : od' : : CA : co', . . . sec acd' X cos acd' = r^. 

(Art. 5.) 
OK : CD : : CB : ci, ... cosec acd' x sin acd' = r^. 

{Obs, Art. 5.) 

Def. VI. The supplement of an arch or angle is the 
difference between it and a semicircle, or two right angles. 

Thus, in the last figure, the arch d'a' is the supplement 
of the arch d'a ; and the rngle d'ca' is the supplement of 
the angle d'ca. 

Hence, if A represent any arch or angle, its supplement 
will be represented by ISO*^ — a. (Note B.) 

Art. 6. Tlie sine of an angle is equal to the sine of its 
supplement. 

This is evident ; for if acd be any angle, then a'cd is its 
supplement, and these angles have Doth the same sine dg. 
This, &c. . 

Art. 7» The sine of an angle is equal to half the chorc( 
of twice the corresponding arch. 
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Let ACD be any angle> and 
let the arch dad' be twice the 
arch DA, then the sine of acd is 
equal to half the chord dd'. 

Dem. Draw gd\ Inasmuch 
as the arch ad =: the arch ad', 
the angle acd = the angle acd', 
by. Arts. 85 and 86, Geom. 
Likewise in the triangles acd, 
acd', the side cd = cd', and the side ge is common. 
Therefore, by Art. 1, Geom., the side db = bd'. But as 
the angle ced = ced', by Art. 2, Geom., de is perpendi- 
cular to CA, and . • . is the sine of acd (Dbp. IV.) : hence 




sm ACD 



^. This, &c. 



Art. 8. The rectangle under the radius and the sine 
of twice an angle is equal to twice the rectangle under its 
sine and cosine. 

Let ACD be any angle repre- 
sented by a; and let dcd' = 2a. 
Then n x «iii 2a = 2 sin a x 
xos A. 

Dem. Join jjIj>^ and draw dg 
perpendicular to cd'. As in the 
preceding Article, ced' is a right 
angle, and . • . = to dgd'. Like- 
wise the angle dd'g is common to 




Art. 89. The rectangle under the radius and sine of the sum 
of two angles is equal to the sum of the two rectangles under the 
sine of each and the cosine of the other. 

Let ACD, dcd', be two angles, repre- 
sented by A and b. Then r x sin (a -f 
b) ~ sin. A X cos B -f sin b x cos a. 

Dem. Draw n'm perpendicular to cd, 
and mo, do, d'g', perpendicular to ca; 
likewise mn parallel to ca till it meets 
d'g' in n. By Art. 112, Geom. cd : cm 
: : DO : mo, . • . by Art. 100, Geom., cd 
X mo = cm X DG ; or, as mo is equal to 




a' oG A 
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the two triangles dd'o, bd c ; and . • . these triangles are 
equiangular to each otiier. Consequently^ by Art. 112, 
Geom., CD : DD : : cs : do; and . - .» by Art. lOO, Geoh., 
cd' X i>o = dd' X ce = 2de x- ce. But cd is the 
radius, dg is the sine of dod' or twice acb, de is the sine 
of acd^ and ce is the cosine of acd ; hence a X sin 2a = 
2mA X cos A. This, &c. 




«o' (Art. 18, Geom.)> . •. cd x no' = do x cm* Again, by 
Art. II, Gbom., the angles Ci^o' and D'bm are eqaal, as 
also the right angles co'^ andn 'mb ; therefore the remaining 
angles ^co',^D'm, are equal (Art. 30, Geom*).^ But the angle 
mnT>' 
and 

each other. Wherefore, by 
D«, . • . CD X D'n = D'm X CG. By addition, . • . cd X no' + 
CD X d'» =z. cto X dg -|- D'm X CO ; that is, cd x («p' 
+ D'w), or CD X d'o' = dg X cm + o'm X cg. Now, cp is 
the radius, and dV the sine of acd' or (acd* + dcd') ; like- 
wise DG is the sine, cg the cosine of acd, and D'm is the sine, 
cm^the cosine of dcd'. Hence, r x sin (a + b) =: *m a X 
cos B -{- sin B X cos a. This, &c. 

Obs, 1. The above is a ffeneral formula expressing the rela- 
tion between the sine of the sum of any two angles and the 
sines and cosines of the angle? themselves. 

Obs» 2. If A r= B, then the general formula becomes 
R X sin2 A zz2sin k x cos a, 
fhe same result as we obtained in Art. 8, by other means. 

Art. 8^ The rectangle under the radius and sine of the 
difference of two angles is equal to the difference of the two 
rectangles under the sine of each and the cosine ofih^ other. 

Let ACD, dcd', be the angles, repre- 
sented by A and b. Then r x sin (a 
— b) =1 sin A X cos B — -sin B X cos a. 

Dem. Draw, as before, o'm perpen- 
dicular to CD, and mo, do, d'g', perpen- 
dicular to ca; likewise mn parallel to 
CA till it meets d'g' (produced so as to 
intersect cd in A). By Art. 1 12, Geom., 
CD : cm : : dg : mo, or no' (rz mo, by 
Art. 20, Geom.) Therefore cd x no' = 
do X cm (Art. 100, Geom.) Again, 



the right angles co'i^, D'm^, are equal, and ^ 
the angle at b is comm6n to the triangles 
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Art. 9. The rectangle under ike radius and ike cosine of 
tmce an angle is equal to the difference between the square 
of the radius and twice the square of the sine of the angle. 

Let ACD be any angle, represented by a ; and let dcd' 
= 2a. Then, b x co5 2a = ft* — 2 sin^ a. 

. Dem. By Aet. prec, 

K X sin 2a = 2 sin a X cos A. 
. ' » r2 X sin^ 2a = 4 «w* a x cos^ a ; 
but, by Art. 3, sin^ 2a = r* — cos^ 2a, and co^ a =r« 

— sin* A, 
. • . r2 X (r^ — cos^ 2a) = 4 sin^ ax (r* ^- sin^ a), 
. • . R* — r2 X cos^ 2a = 4 sin^ a X (r^ — sin^ a), 

. • . R* X cos^ 2a = R* — 45iw« A X (r® — sin^A), 

= R* — 4 5m2 A XR^ -f 4 5iV A. 
= (r2 — 2 sin^ a)2, 
. • . rooting both sides, r x co* 2a = r^ -^ 2 sin^ a. 
This, &c. * 

Obs, 1. If the angle A were divided into two equal 
parts, we should have, by the preceding formula, 

R X cos 2 (^g^ =r2 — 2 sin^ (^^ ; 
i. e. As ^(^J = A, 

R X C05 A = R2 2 52n2 _ ; 

cg'^, dW; •^. these triangles are equiangalar (Art. 39, 
Geom.), and . * . also the triangles cgd, D'mb. Conseqaently, by 
Art. 112, Geom., cd : j>'m : ; cg : d'ti, . • . cd x d'» zi n'm x 
CO. By subtraction, . • • cd x no' — cd x d'« =: dg x cm 
— dot X cg ; that is, CD x (no' — d'«), or cd x d'g' := dg 
X cm — D^m X CG. Now cd is the radius, d'o' the sine of 
ACDf, (t. e, ACD — DCD'); likemse Dois the sine, cg the cosine 
of ACD, and D'm is the sine, cm the cosine of dcd'. Hence, r x 
m»(a — b) n sin a x cos b — sin b x cos a. This, &g. 

* The theorem is easily derived £rom a geometrical consideration of 
the figure; but the above demonstration is preferable, first, as it is more 
contecutive, and, secondly, as exercising the student in goniometrie cal- 
culation. 
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in other terms^ the reztan^k under the radius and cosine of 
an angle is equal to the difference betvoeen the square of the 
radius and twice the square of the sine of half the angle; 
which is in fact only the preceding theorem in another form 
of expression. 

Obs. 2. By the prece^g formula, inasmuch as 

sin^ 5 = R« — €os^ ^, (Aet, 3), we have 

R X C05 A = R« — 2/^R« — COS'^ ^ 

= 2 cos^ 5 — r2, 

_ A 

. • . R« + R K C05 A = 2cos!^ g; 

in other terms, tmice the square of the casine of half an 
angle is equal to the square of the radius, together wim the 
rectangle under the radius and the cosine of the angle. 

The preceding theorems are all which the reader will 
find necessary ; let us collect them for the purpose of being 
easily gotten by heart, or consulted, into a table, which wc 
shall call 

' ' ' ' ' ' -' 

Art. 9^ 7%e rectangle under the radius and the cosine of 
the sum of two angles is equal to the difference of the rectangles 
Under the cosines and the sines of the angles. 

Let ACD, DCD^ be the angles, as in fig. Art* S», Then, 

R X CO* (a + b) = CO* A X cos B — «» A X SiU B. 

Dem. By Art. 112, Geom., cd : cm :: cg : co, *. • cd x 
CO r= CO X cm. Again : as tlie triangles cgd, nr/tn are equi- 
angular, CD : D'm : : DO : nm, (or o'o); * . * cd x o'o = dg 
X n'm. By subtraction, cd x co — cd x o'o = co x cm — 
Do X D'm ; that is, cd (co — o'o), or en x co' ^ co x cm -» 
DO X D'm. Now CD is the radius, and co' the cos of acd', or 
(acd + dcd'); likewise co is the cos of acd, cm that of dcd', 
and DO is the sine of acd, D'm that of dcd'. Hence r x cos 
(a -H b) = cos A X cos B — sin A X sin b. This, &c. ♦ 

Obs, If the two given angles be equal, the above formula 
becomes, 

R X cos 2a i= CO* a X cos B — sin a x *tn a 
= cos^ A — sin* A ; 

d2 
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TABLE I. 



1. 


iec^ K = iat^ K 4- a^* 


■ 


2. 


cosec^ A = cotarfi a + b^. 




3. 


te» A X co^aw A = r2. 




4. 


««2 A + CM* A = B*. 




5. 


«{n A /an A 




COi A B 


6. 


cof A colon A 




fm A R 


7. 


sec A X C05 A, = b2. 




8. 


C055C A X nn A = r2. 




9. 


B X «m 2a = 2 jtn A x co.« a. 


10. 


B X CO* 2a = B« 2 ««2 ^; 


11. 


B X COS A = B* — r 2 ^m* 


A 

2* 


12. 


B* + B X COS K — i COS^ 


A 

2' 



that is, /Ae rectangle under the radius and the cosine of twice an 
angle is equal to the difference between the square of the cosine 
and the square of the sine of that angle. 

Art. 9'. The rectangle under the radius and the cosine of 
the difference of two angles is equal to the sum of the rectangles 
under the cosines and the sines of the angles. 

Let ACD, DCD', be the angles, as in fig. Art. Ss.. Then r x 
cos (a — b), z= cos a X CO* b + sin A x sin b. 

Dem. By Art. 112, Geom., cd : cm : : co : co, . * . cd x 
CO = CO X cm; Again, by Art. 14., Geom., the ang-le cdg 
is equal to the angle c&o' ; but the an^le chG\ or mhii\ is equal 
to the angle nmo', because in the triangles mbii\ nmn\ the 
angles n'mh^ mnT>', are both right, and the angle mB'b is com- 
mon ; therefore the« angles cdo and nmD' are equal. Conse- 
quently, as in the triangles coo, nmj)', these two angles are - 
equal, as also the right angles cod, mnJ>'j the triangles are 
equiangular to each other (Art. 39, Geom.) Wherefore, by 
Art. 112, Geom., cd : D'tn { : do : mn, . * . cd x nin zz do 
X D'm. By addition, therefore, ,cd x co -|- cd X mn zi co 
X em 4- do X J>'m ; that is, cd x (co -f mw) rz co x mc 
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LESSON III. 

Determination of remarkable Angles, 

Let us now determine the magnitude of some particiiiar 
angles firom the ratio which their goniometrical lines have 
to the radius. It is by this means that we are able to com- 
pute the magnitude of all angles in general^ as will briefly 
appear. 

Abt. 10. l%e tangent of half a right angle k equal to 
the radius. 

Let ACD be = 45^^ t. e. half a 
right angle. Then, tan 45*^ == b. 

Dbm. In the triangle hag the 
angle hag is a right one^ ah being 
a tansent of the circle at a ; ana 
hga is given half a right angle. 
Consequently^ by Art. 37, Gbom., 
^e angle ahg must be half a right 
angle. Hence, by Abt. 4, Gboh., 
the side ah is equal to the side Ac ; 
but AH is the tan of agd, and ag is the radius* This, &c. 




+ DO ^ D'm; or, as mn = oq\ bv Art. 20, Gsom., we have 
CO X c«^ z=: CO X cm -i- DO x Dm. Now cd is the radius, 
cg' the cosine of acd' (t. e. acd — dcd') ; likewise co, cm, are 
the respective cosines of acd, dcd', and do, D'm, are the re^ 
spective sines of acd, dcd'. Hence, R X cos (a <-^ b) zr cos 
A X cos B r\- sin A X sin B. This, &c. 

Art. 10*. The square of the secant of half a right angle is 
equal to twice the square of the radius* 

Dem. sec^ 45«» = tan* 45® + R«, by Art. 1 ; • 

= R« + R«, by Art. 10; 

= 2r*. 
This, &c. 

Art. lOs. The ^tangent of half a right angle is equal to the 
radius* 

Dbm. tan 4Sfi x cotan 45<> = r*, by Art. 2; 
. • . R X cotan 45® zi rS by Art. 10; 
. * • cotan 45<* = R. 

This, &c. 
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Art. 11. JTie sine is egfual to ike cosine of half a right 
angle, and the square of each is equal to half the square of 
the radius. 

In the fig. above^ let.AiSD be ^ 45^. Then,, sin 4Bl^ = 

cos 46°, imd sin^ 45^ = cos^ 4Sft = -^. 

Dem. Draw to perpendictilar to ac; and for the same 
reasons as above, dg = cg. Likewise^ Art. 47) GhsoM.> 
CD« =s DO« + cg2; that is, cd^ = 2do3. Hehoe, »g* = 

CD* 

CG* a — • Bat DG is the sine, and cg the cosine of acd, 
and CD is the radios. This, &c. 

Art. 12. The cosine of an angle eqtud to one^third of 
two right angles is equal to hailffthe radius^ , 

Let ACD be = 60^, f. e. one-third of tivo right angleR 
Then, cos W> = |. 

Dem. Join ad. The three angles 
of the tris^gle aop are equal to two 
right angles, by Art. 37, Gkom. ; 
but the angle acd is givien equal 
to one-tbira of two right angles, 
therefore the remaining angles adc 
and dac must be togewer equal to 
^wo-thirds. o$f two right angles. 
Wherefore, as gd = CA^ the angle 
ado m the avg^e stACi, and each of them is equal to one^^Mrd 




Art. lO*. The square of the cosecant of half a right angle is 
equal to twice the square of the radius, 

Dem. cosec 45® = cofan* 45« -}- r«, by Ohs^ 2, Art. 1 ; 

=c n* 4* »*> by Amr; pcee. ; 
= 2r». 
This, &c. 

Obs, These three results might have been obtained with 
great ease geometrically, as will be evident by drawing a pro* 
per figure. 
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of two right angles. Consequently^ by Art. 122^ Geom. 
the three sides ac^ cd, da^ are equal; and therefore, by 
Art. 139^ Geom.^ the side ca is equally divided at the 

CA 

point Of by the perpendicular ]>g> i. e. co = -^. But ca 

is the radius, and cg the cosine of acd. This^ &c. 

Art. 13. TAe square of the' sine of an angle equal to 

one-third of two right angles is equal to three-fourths of the 

^uare of the radius. 

3r* 
In the figure aboTe> let acd = 60^. Th<Bn sin.* 6(P =: -j- . 

Dbm. m« 60° + cos^ 60^ = a», by Art. 3 ; 

R* 

.'. siffi 60^ + "2-= rS by ART.prec; 

«V 6(>> = R* — -J- = -T-. 

4 4 
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This, &C. 

Art. 14. The sine of an angle equal to one-third of a 
right angle is equal to half the radius* 

Let ACD be = 30^^ i. e. one-third 

of a right angle. Then, sin 30^ = -^ 

DsM. Since the angle acd is one- 
thixd of a right angle^ the angle bod 
18 two-thirds of a right angle ; that 
ig, BCD is one-third of two right 
angles. Consequently, by Art. 12> 

cos sen = 5; but, Dbp. IV. Obs., 

the cosine of an angle is the sine of the complement of 
that angle, and therefore cos bcd = sin acd. Hence, sm 

acd =: ^. This, &c. 

Art* 15. The square of the cosine of an angle equal to 

ane-third of a right angle is equal to three-fourths of the 
square of the radius; 
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In the figure abore^ let acp be = 30^. Then coh^ 30^ = -j— 



Dbm, ^sin^ 3(y> + coA* 30<^ = h*, by Art. 3 ; 
/. -J- + co5« 30° = R«, by Art. prec. ; 



.-. coj* 30° = R« - ^ = ^. This,&c. 

4 4 

Oi«. 1. If we consider only snch angles as are less than a 
right angle^ it is plain from the Articles in this Lesson^ that 
we can deteirmine th^ magnitude of an angle in some cades, 
by knowing certain of its goniometrical lines. Thus, if we 
know that the tangent of an angle is equal to the radius, 

or that its sine, or cosine, is to the radius as 1 : v^> tihe 
angle must necessarily be equal to half a right angle, by 
Arts. lO and 11, respectively. If we know that the cosine 
of an angle is equal to half the radius, or that its sine is to 

the radius as \/3 : 2, the angle must necessarily be equal to 
one-rthird of two right angles, by Arts. 12 and 13, respec- 
tively. If we know that the sine of an angle is equal to 

half the radius, or that its cosine is to the radius as i^3 : 2, 
the augle must necessarily be equal to one-third of a right 
angle, by Arts. 14 and 15 respectively. 

Obs, 2. There are likewise certain other angles immedi- 
ately determinable from their goniometrical lines, which 
we proceed to enumerate. It appears, from Art. 6, that 
the magnitude of an angle is not generally determinable 
from the ratio of its sine to the radius, inasmuch, as the 
same sine corresponds to two angles, viz. those which are 
supplementary one to the other. But in order to prevent 
the same ambiguity with regard to the other goniometrical 
lines, mathematicians have recourse to the following expe- 
dient : All perpendiculars to the diameter aa', such as do, 
BC, at the upper side of aa', are affected with the sign + ; 
and those, such as ah', cb', at the under side of aa', are 
affected with the sign ** . Likewise : All perpendiculars 
to the diameter bb', such as di, go, at the right side of bb', 
are affected with the sign + ; and those, such as d"i', ca', 
at the left side of bb', are affected with the sign — . Thuj^ 
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ah' is written — ah', wliich distingoishes it from + ah, to 
which it may be equal in length ; and d"i' is written — vl'i, 
which distinguishes it from + di, to which it may be equal in 
length. It 18, however, only necessary to write the minus 
signs to their corresponding lines, the odiers being always 
understood to have the sign 4-» 

Now, if the radius cd be 
supposed to revolve round the 
point G, so as to form with its 
first position ca, angles of in- 
iereasing magnitude, it is plain 
that the sine do beginning 
from nothing (when cd coin« 
cides with ca), will continu- 
ally augment, as at d, till cd 
reaches the point b, where it 
will be equal to on the radius ; 
thenceforward it will conti- 
nually diminish till it va- 
nishes at the point a' into no- 
things Hence, at the three 
remarkable points. A, b, a', 
the magnitude of the sine will 
be thus expressed algebraic 
cally: 

Sin 0° = 0, meaning that 
is the limit of size from which the sine b^ns, the re- 
volving radius setting out from a. 

Sin 180° =: 0, meaning that is the limit to which the 
sine approaches, the revolving radius coming to a'. 

Again: on the same supposition, it appears that the 
cosine co, beginning from equality with the radius (when 
CD coincides with ca), will continually diminish, as at d, 
till CD reaches b, where it- will vanish ; thenceforward it 
will continually augment till it again becomes equal to the 
^ radius, when cd coincides with ca . Hence, at the same 
remarkable points a, b, a\ the magnitude of the cosine will 
be thus expressed algebraically : 

Co8(y^ = B, meaning that the radius is the> limit from 

i>5 
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^idi tbe cosine bc^uw, the revolving radius; setting, out 
from A* 

Cos 90^ =: 0, meaning that is the limit to which the 
cosine approaches^ the revolving radius doming to b. 

Cos 180 :=^ -^ R, meaning that the left-hand radius is 
the limit to which the cosine approaches^ the revolving 
radius coming to a'. 

Finally : On the same supposition it appears that the 
tangent Ah beginning from nothing (when en coincides with 
ca)^ vnll continually augment^ as at d > and become at 
length indefinitely great, when en is at the point b ; for 
then the geometrical tangent ah being parallel to one side> 
CB^ of the angle acb^ the portion of it intercepted between 
both sides wiO be immeasurably great. When the revolving 
radius gets beyond b^ as at d", then the intercepted portion 
abovementioned will be ah'^ contained between the sides 
CA and tvi', the latter being produced backtoards through g> 
so as to meet the geometrical tangent at h'. ^When the 
radius comes to a'^ the tangent again vanishes. Hence^ at 
the same remarkable points a^ b> a^ the magnitude of the 
tangent will be thus expressed algebraically (the sign op 
being generally used to designate a quantity indefinitely 
great) : 

Tan 0^ = 0, meaning that is the limit firpm which the 
tangent begins^ the revolving radius setting out from a. 

J'an 90° = 00, meaning that a quantity indefinitely 
great is that to. which the tangent approaches, the revolving 
radius coming to B. ' 



Obs^2^. The definition of an angle 

f]DEF. f , Geom.) applies to the space 
rom 4f round through ^ to s:, as well 
as to that from <v through v to %. 
Hence, in the above figure, the re- 
volving radius may come into the 
position cdi and thus form an angle 
greater than two ri^ht angles. The 
sine of such an angle, viz. dG'\ will 
have the sign — , and the cosine, 

CO'', likewise; according to what we have said in the preceding 
part of Obs. 2. When the radius comes to b' tbe sine will . be 
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Tan 180> = 0> meaning that is the limit to whidi the 
tangent approaches^ the revolving radios coming to a'* 

The nrecedins formulse may be registered m a second 
table^ wnich will be found useful. 

TABLE II. 



ran45<^ 


= B 


sin OP = 





• A ^A, 


B 


cos OP = 


B 


8tn 46<> 


s ^% 


tan 00 = 





m 


n/2 


sin 90P = 


B 


COS 46^ 


K 


cos 900 -- 







N/a 


tan 900 -^ 


00 




B 


Wn 1800 = 





cos &f> 


"" 2 


cos 1800 = 


— B 




Jm 


tan 1800 = 





sin 60O 


^^^^ B 






sin 3(X> 


_ B 

"" 2 






cos 300 









From the above table we have a ready means of deter- 
mining the magnitude of such angles as have any of the 
sinesy cosines^ or tangents^ there registered. For example^ 

greatest, and wiW then =3 — R, while the cosine at that point 
will vanish. After this the sine dg will diminish, but still 
have the sign — , while the cosine c^ will augment^, and have 
the sign +• At a the sine will vanish, and tne cosine beconie 
= B. 

In the higher branches of Mathematics it is convenient to in- 
troduce such angles, and even to proceed farther ; but in our 
series of elementary treatises it will be only necessary to con- 
sider angles between 0*> and 180». From what we have said, 
however, it is manifest that 

sin 29Co = — R ; cos 290«= 0, 
sin 360o zz 0; cos 36Co = r. 
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if it be required ta 
find the magnitude of 
the acute angle bac,, 

f upon being given that 
the intercept aby be- 
tween the perpendi- 
cular from one of its 
sides on the other, 
is half the distance 
ca; this angle is 
plainly equal to one-third of two right angles. Becaase> 
taking in the goniometric circle^ a cosine v.Q equal half the 
radius, the triangle gcd will be equiangular to bac (Art* 
115, GE03f ), inasmuch as the angles at G and b are equal, 

" and CQ : cj) : : ba : ac. Consequeutly the angle bac = the 
angle gcd; but the angle. gcd is = 60^^ because its cosine 

R 

= ^, and therefore also the angle bac = 60®. 




Table II. would suffice to determine the magnitude of 
but very few angles. It therefore becomes an object to 
construct another in which the sines, cosines, Sec, of many 
different angles shall be registered; so that whatever be 
the ratio of the three lines ab, ac, cb, amongst each other, 
we may find it in the Table opposite some angle, which 
will therefore be equal to the angle bac, whose magnitude 
is thereby determined. Such a Table has been constructed^ 
but its insertion here would be neither suitable for our 
treatise, nor of any use to our readers. ' We shall merely 
explain its principles. 

If in the formula II, Table I, we take a =; 30®, then 

_\ 

2 



R . a/3 
by Tab. II. cos a = — J; , and the formula becomes 



R X ?-^? = R«-2«V15o, 



.'. 2 sin^ 150 = R« — r2 ^, 



sin ISO 
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We have thus found the value of the sine of an angle =^ 
15° ; ^nd by help of the same formula^ we may find> in the 
same manner^ the value of the sines of angles equal respec- 
tively to 70 30'^ 30 45'^ ^c., &c., each successive angle 
being half the preceding. Likewise^ inasmuch as the sine 
of an angle is equal to the cosine of its complement^ the 
values thus found for the sines of angles equal respectively 
to 15^ 7° SCy, 30 45', &c. Sec, win be the values for the 
cosines of angles equal respectively to 75^ 82*^ dff, SdP 16', 
&c. &c., which are the complements of the former. We 
might therefore re^ster these two series of sines and co- 
sines, which would enable us, in like manner as Table II, 
to determine the magnitude of several angles. By a similar 
process we may compute the values of the sines, cosines, 
tangents, &c., of innumerable angles, and these values being 
registered, serve likewise to the above purpose. This is the 
principle on which the required Table is constructed, though 
by the help of more powerful formuls than the above, whidi 
is, however, sufficient to afford an explanation of the system. 



LESSON IV. 

Numeral Sine, Cosine, 8tc^ 

Oba. 1. We have hitherto considered the different gonicv 
metric lines as referred to the radius of a particular circle 
ABB (fig. p. 39) ; but it is evident that the exact length of 
CA isof no importance to the conclusions derived in the pr&p 
ceding Lessons : these would have followed, though we nad 
chosen ga half, or twice, the length it appears, or of any length 
whatsoever. In determining the magnitude of angles, we 
are therefore at perfect liberty%to assume any circle we 
please as the goniometric one, and to calculate sines, cosines^ 




&C.9 in relation to its radius. 
We have only to recollect^ 
tliat if we choose abe as the 
goniometric circle, dq, cq, am, 
are respectively the sine> cosine^ 
and tangent^ of the angle agDj, 
referred to the radius c a ; while, 
if we choose any other circle 
a'b'e' as the goniometric one^ 
d'o', co', a'h', are respectively 
the sine, cosine, and tangent, 
of that angle referred to the new 
radius ca'. 

It thus appears that the sine, cosine, &c. of an angle are 
not any particular lines of a certain magnitude, but lines of 
a magnitude proportional to the radius of the goniometric 
circle to which they respectively belong. However, although 
these goniometric lines will vary in length, accor^ng to the 
variation of the radius to which they are referred, yet their 
ratio to their respective radii will not. Thus, if abe, a be', 
be two goniometric circles, do will be the sine of the angle 
ADD referred to cd as radius, as d'g will be the sine of the 
same angle a cd' referred to cii' as radius ; but, by Art. 112, 
6eom. i>g : do' : : cd : cd' .*. alternando dg : cd : : do' : cd', 
i. e. the ratio of the smaller sine to its corresponding radius is 
the same as the ratio of the greater sine to its corresponding 
radius. In like manner co : cd : : co' : cd' ; that is, the 
cosines of the same angle in different circles are to their 
ccHTesponding radii in the same ratio ; and ah : CA : : a'h' : 
Ca', that is, the tangents of the same angle in different 
circles are to their corresponding radii in the same ratio. 
From hence it follows, that the magnitude of an angle is as 
well determined by one goniometric circle as another ; for 
if, in the angle bac {fig, p. 60), the line cb be perpendicular, 
whatever be the given ratio between any two of the three 
sides ctty ah, be, let us take any corresponding two of the 
goniometric lines, dc, co, od, and also any corresponding 
two of the goniometric lines, d'c, co', g'd', in the given 
tatio, and as the triangles bac, gcd, o'cd', are all right 
iangled, the angles bac, gcd, o'cd', will be all equal, by 
Art. 115, Geom. Consequently the angle bat will come 
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out to be of the same magnitude^ whether it be computed 
in the one circle or in the other. 

06s, 2. Inasmuch as^ whatever 
length we take the radius, gd, or 
CD J we shall have CD : dg : : od' a 

: dq\ from hence it follows, by 
Dbf. XXXV, Geom., that any 
submultiple of CD is as often con- ^ 

tfdned in DG as an equi'-submultiple ^ ^ 

of cd' is contained in d g'. Wherefore, if dg be supposed 
to consist of a certain number of equal parts into which cd 
inay be divided, d'g' will consist of tne same number of 
equi-submultiples of cd'. For example, if cd be divided 
into five equal parts, and if dg be equal to three of these, 
then d'g must also be equal to three fifth parts of cd . 
Consequently, when we wish to express the sine of an 
angle, instead of declaring what length of radius we use, 
it IS sufficient if we declare in numbers what part of our 
radius the sine is : because, any right line being assumed as 
radius, it is only necessary to tsJce the same part ofit^ and this 
will be the sine of the same angle, only referred to a new 
radius. Thus, if we declare the sine of an angle to be one- 
ha{fo£ our radius, it immediately points out to others an 
angle of 30^; because^ xohatever tboxus 'be assumed, if one^ 
half of it be taken for a sine, the corresponding angle will be 
the S£une in magnitude, viz, (Art. 14.) an angle r: 30^. 

The above considerations give rise to the system of tim- 
meral sines, cosines. Sec , instead of those heretofore used, 
which are linear. For : 

If we represent by the number i/ the right line dg, from 
any point in one side of an angle perpendicular on the other, 
and by the number d the distance cd, from that point to 
the vertex, then we shall have 

DG : CD : : ^ : (f, 

i, e. representing the angle at o by A, 

£ii» A : CD : I y \ d, 

or, whatever length (cd or cd') we take for radius r, 
stn A: n : : y : d .*. sin A = ^ . R ; 

CI 
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eonsequentiy fl.e number I ^ expreB. what part of any «^ 

sumed radius (cd or cd') the corresponding sine is. Thus> 
if dgicd:: 3: 5y then 

sin a:b. :: 3 : 5 .*. Wn A = j- . b ; 

that is^ the sine of the angle is three-fifths of its corre- 
sponding radius. 

Now if we consider the radius r^ whatever be its length, 
as a linear unit (Ap. of Alo. to Geom. p. 16), and sin a as 
made up a certain number of its submultiple parts, ^ the 
number 1 may always stand for this radius, and then the 

numher ^ will represent sin a ; because, by the above pro- 

portion ^ in a : b : : ^ : !• 

a 

Unity, or 1, being taken to represent the linear radius> 
B, is denominated (though with no slight degree of impro- 
priety) the numeral radius. Conformably with this now 

universally adopted title, we may call the number '^ (i. e. 

the number which denotes the ratio of the perpendicular 
above described to the corresponding distance) the numeral 
sine; because it is to unity, the numeral radius, as the linear 
sine is to the linear radius. Hence, in algebraical language, 
we may write 

carefully distinguishing this sin A from the linear sin a, by 
the recollection that when we meet sin a put equal to a 
number, the sine itself is considered as a number, referred 
to 1, as the linear sin a is referred to its corresponding radius. 

To" " 

Thus, when we see the formula, sin a = -^ , this only 
means, that the numeral sine of the angle represented by 

^ 13 ^ ^ .» being to 1 as the linear sine of the same angle 

2 
is to B, its corresponding radius. 
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In like manner, if we represent by the number x^ the in- 
tercept eg between y and the vertex, we shall have 

CO : CD : : co» A : B : : 4f : a : : -3 : 1 ; 

a 

the number - will therefore represent the linear cosine of 

the angle, and being itself called the numeral cosine, we 
may write 

COS A = -;. 

a 
This is to be distinguished as above from the linear cos a, 
which is = -n . B. 

Finally, dg : CG : : tan A:B::y:x::-:l, 

» 

and, CD : CG : : ««c A : B. : : (/ : iT : : ~ : 1, 

X 



and, GG ^ DG : : cotan a : b : : d? : v : : - : 1, 

and, CD : DG : : cosec a : b : : e/ : y : : - : 1 ; 

hence yr^ may write numeral tangent, secant, cotangent, 
and coisecant of an angle as follows : 

V 
tan A = -, 

X 

d 
sec A = -, , 

X 

cotan A = -, 

d 
cosec A =5 -. 



68 

Both the linear and numeral valnes for sin, cos, &c,, are 
used^ perhaps too indiscriminately^ by scientifical writers ; 
it was therefore necessary to propound both systems ; but 
we shall find it most convenient hereafter to use the nu- 
meral values chiefly^ instead of the linear^ as we haVe done 
till now. Computation will be much facilitated by this 
means ; and the results obtained will be far more general 
than on the other system^ inasmuch as by taking unity for 
radius^ this may be considered to stand for any particular 
linear radius which can be assumed^ and therefore for all. 

From the preceding formulae we will now draw up a table 
analogous to Table I^ the several terms sin, cos, &c.> now 
being considered as numbers^ and the radius as 1. 

Akt. 16. 1^. sec^ A = — = ^^—^ — = ^ + 1 = 
tan «A 4- 1. 

cotan ^A. 



2P. coset^ A = — -^—^ — = 1 + — = 1 + 



y2 y^ y2 

3^, tan A X cotan A = ^ x ~ = 1- 

X y 

-. . . « V* *« ifi -Y sf^ d^ , 

4". m* A + CO.* A = 5 + ^ = 4^ = ^ = 1., 

COS K d d X 

^ cos A X y X 
6P. -. — = -I -5- ^ = - = cotan a. 
itn A d d y 

mn d X . 

7°. ««C A X CO* A = - X J = 1. 

X d 

8°. cosec A X «i« A = - X ^ = 1. 

y d 
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Also^ let the angle dcg be a, and the 
angle ficd be :=: twice a. Draw dg per- 
pendicular to eg, and taking cd = cd, 
join dd, Then^ by Abt. 140^ Geom., 
dg"' = gd, and (f^ is perpendicular to 
eg. Hence^ inasmuch as the angles dgd, 
ag'Cy are equals being both rights and the 
angle at d is common to the two triangles 
dgdydge, these triangles are equiangular 
to each other. Consequently^ by Art. 
112^ Oeom.^ 

dg : eg* : : dd' : cd ; 

or, representing (as before) dg by i/, eg' hjx', dg by y', and 
cd or cd by d, 

y I x' I I 2 y' I d, 

. ^ _ 2 y *' 
" d^ d' d' 

But^ according to Obs. % Lesson IV, 

. « y . V * 

«ni 2a = ^, «fn A = ^, C05 A =« -t- ; 
a a a 

.*• 9^ m 2a = 2 sin A.tos a. 

Also, by 9^ rfn« 2a =3 4 «« «a . cofi a; 
but, by 4^ sin^ 2a -f- co*« 2a = 1, and cos^ a = 1 — sin* a, 
.-. 1 - cos^ 2a = 4 sin* a . (1 — sin* a), 

= 4 sin* A — 4 *f »* A, 
co^ 2a = 1 — 47t»2 A + 4 sin* a, 
= (1 - 2 sin* A)*, 
.-. IQo, CM 2a = 1 — 2 si»« A ♦. 



* Combining 9<^ and l(h», we may obtain a formula, exprening the 
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Also, by 10», cos 2 /g) = 1-2 ««« t 

i. e. as 2 ^) = A, 

11», CO* A = 1 — 2 mb2 t. 

Finally, by IP, 1+c(wa=2 — 2 sin^ 1 



= 2 co«« |, by 40, 



.-. 120, 1 4. C05 A = 2 co««^. 
Let ns roister these conclusions in 



reiatioQ between the tangeni of an angle and the tiMgent of its double, 
thus : 

sin A 

Ti« Ro * A m 2a 2 Hn ax cos a * cos a 

By 5S tan 2a : 



rof2A l->2wiA 1 « «n« a 

— 2 . —-r— 

C0*« A COS* A 

(dividing both numerator and denominator by cos a). 

But by 6», = fan A, and =s tan a; likewiae, by 7^ 

cos A cos* A » / • » 

1 _ ' 2 tan A 

" « = *cc* A. Hence, tan 2a = ; or, as mc* a 

co^A. ^ sad* A-— 2 tan* A 

= tan* A + 1, (by !<>), we have 

^ ^ 2 tan A 

tan 2a S3 ; — ^.' 

I — f aw* A 



f» 



TABLE III. 



1. 


sec* A = tan* a + 1. 


2. 


cosec^A = cotan^A + J. 


3. 


tan A . coton a = 1. 


4. 


<ln^ A + COi^A s= 1. 


5. 


fin A 

= Ian A. 

cos A 


6. 


CO* A 

-: — = cotan A. 
Mn A 


7. 


sec A .cos A zs 1. 


8. 


CO«^C A . Wn A = 1 . 


9. 


sin 2a = 2 sin a . cos a. 


10. 


C(w 2a = 1 — 2 «n2 A. 


11. 


co« A =: 1 — 2 *m* ^. 


12. 


1 -f CO* A = 2 cos^ ^. 



By comparing this table with Table I. it is plain that 
there is no difference whatever^ except that in this the 
quantities are numerical^ in that geometrical ; unity, the 
numeral radius^ here taking the place of r^ the linear 
radius. We mighty indeed^ have derived this table at once 
from the other^ merely by substituting 1 for r^ and then 
considering the sin, cos, &c., as numbers ; btit such a process 
might have tended to confound the two systems^ linear and 
numeral^ in the reader's mind, while it is of great im- 
portance that he should keep them distinct. In fact> we 
should have preferred givins the numeral system alone^ but 
that the other, besides exhibiting in a natural way the origin 
oi the science, is the one mostly used in sdentifical works, 
especially British. 

Art. ] 7. If the angle a be half a right 
angle, or 45^, then also the angle b, formed 
by the perpendicular y, from a point in one 
of its sides on the other, is half a right angle; 
and .'. the side y = the side «r. Hence, 



B 
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coi 1800 = — = — 1, According to Obs. 2, Art, 15. 
ian 1800 = — = 0. 

X 

The results obtained in this Observation may be collected 
together for reference in 



TABLE IV. 



tan 450 




1 


sin 00 


■ :s: 









1 


coj 00 


:^ 


1 


sin 450 


nn! 


* ^^ 


tan 00 


— ^ 









>/2 
1 


«tn 900 


> 


1 


cos 450 


_ 


cos 900 


=s 









>/2 


*an 900 


s= 


00 






1 


^ 1800 


=r 





cos 600 


^ 





cos 1800 


Sm ■ 


-1 


sin 600 


== 


ml 

s/3 
2 


/an I8O0 


^™' 





sin 300 


= 


1 

2 








cW 300 


= 


^/3 
2 






. 



This Table is to be made use of in the s^me way as 
TabIiE II. f(»* determining the magnitude of angles^ and 
also for constructing another, in which the sines^ cosines^ 
&c. of several angles should be registered, iu order to 
determine the magnitude of such angles when we happen to 
know that of their sine, cosine, &c. 

We have thus deduced the elements of goniometry on the 
numerical as well as the geometrical system, in a separate 
and independent manner. This has undoubtedly length- 
ened our Treatise, but we hope it will prevent that con- 
fusion which is apt to arise in the mind of a reader upon 
finding the two systems used indiscriminately, as they are 
in most works on the science. . 
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Oh9» 1. "Aa we have only to blot out the n in Tablbs I. 
and II. in order to get the formulee of Tables III. and IV. 
80, reversely^ if we Would obtain a geometrical formula cor- 
responding to any numerical formula in this sdenoe^ we 
have only to introduce the linear radius^ r» into the latter^ 
according to Tables L and U. Thu8> if t^ have the 
nnmera|^auiul«» 

sec* A = tan^ a + 1, = tan a, cos o(r =-Tr-. 

In order to obtain the corresponding geometrical formulie^ 
we have only to substitute the geometrical radius^ b, for 
the numeral radius 1. as follows : 

^ sec A tan a ^^ r 

«fc« a = tan^ A + B«, = y cos oO® = -s' 

cos A R 2 

TW geometrical formulse are immediately discoverable 
from the numerical^ without referring to the Tables^ if we 
are always careful to introduce the radius r^ and its powers^ 
80 that tne resulting formula may have all its terms of the 
same species of quantity^ L e, all lines, or all surfaces^ &c. 
Thus having the formula^ 

sec^. A = tan'^ a + 1, 
we immediately obtain thecorresponding geometric for- 
mula (without consulting 'Table I.)^ by introducing-' 
not B instead of 1 ; for then we should have 

sec* A = tan^ A + r ; 

that is, a square equal to another square + 'a right line, 
which would be absurd,-^ but rS as in this case the result- 
ing formula would be 

*ec* A = tan!^ A + R^ ; 

that is> a square equal to the sum of two squares, which is 
a rational equation. 

Obs. 12. The sines, cosines , &c.> heretofore spoken of^ are 
called natural sines, cosines, &c. But these are now seldom 
registered in mathematical tables ; instead of them we re- 
gister their logarithms, which is found to be more convenient 
m practice. The logarithms of the sines, cosines, &c. of 
angles, are called the logarithmic sineSf cosines, &c., of these 
angles; and being pat opposite their corresponding angles 
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in the tables^ are used instead of the natural sines^ &c , 
with great advantage^ as will be seen hereafter. 

We may calculate the logarithms of the natural sines, 
Sic, from these sines themselves; but for this purpose 
it is found most eligible to take the numeral radius = 
10,000,000,000, or 10^^ instead of 1, and to consider the 
natural sines, &c., as made up of submultiple parts of this 
numeral radius, in the same manner as we before considered 
them as made up of submultiple parts of 1 *. In fact 10^^, 
or ani/ other number, may be looked upon as the unit, or 
whole, represented by 1, and therefore we may introduce 
10^®, or the said number, as radius, into the formulee of 
Arts. 16 and 17, merely recollecting to square the new 
radius wherever 1 has been squared, though its square be 
not expressed,' inasmuch as 1^ = 1. 

N. B. When there is no especial purpose, such as the 
above, to be served, 1 is always chosen as numeral radius ; 
because its powers being all = 1 disappear in computation, 
which is thereby much abbreviated. 



LESSON V. 

Trigoiitmelry. 

Art. 18. In a triangle the sides are to each other as 
the sines of their opposite angles. 

» 

Let ABC be any triangle, of which the 
three sides are represented severally by 
a, b, c, and the three corresponding op- 
posiHe angles by A, b, c. Then 

a: c \ : sm il: sin c, 
and a : b : : sin A : sin 6, 
and b : c : : sin b: sin c. 




* If 1 were taken as radius, the sines and cosines of almost «I1 angles 
being less than the radius, would be fractions, and therefore would haye 
their logarithms subtractive numbers (Art. C, Log.) This, amongst 
others, is the reason we choose a number so much greater than 1 for radius 
as will rendor the sines and cosines of all but indefinitely small angles 
.gEeater than unity, so that their logarithms will be additive numbers. 
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D]3M. Represent the perpen^cular from the vertex of 
any angle b on 4he omK>site side by y. According to Obs. 
% Lesson IV, we shall have 





y 

•2^ = «in A, 




c 


1 


-- = sin c. 




a 

4 


/. nn A : 


sine ::-^: ^ :: ay : cy :: a ic, 
c a ^ ^ 



In like manner it is shown that sin a: sin b:: a: ^> a^d 
.sin B : sin cubic, by drawing perpendiculars from the 
vertices of the other angles c and a to the other sides c and 
a. This, &c. 

Art. 19. In a triangle the tangent of half the sum of 
any itvo angles is to the tangent of half their difference, as 
the sum of the opposite sides is to their difference. 

Let ABC be a triangle, whose 
sides and angles are represented, 
as above, by a, &, c, and a, b, c. 3^^^ 

Then, tan ^ — - — \ : tan ^ — x — j 

: : a + h : a — ^. 

Dem. Produce ba, which is -^/^ *\ •^" 

not the greater of the two sides /J,. ^ 

under consideration, until it be^*" 

equal to the other bg; join cd, 

and let fall on it the perpendicular be, which divides it 

equally at e, by Art. 139, Geoh. llie angle bcd = bdc 

(Art. 4, Geom.) ; therefore bdc = bca + acd. But 

by Art. 35, Geom., bac = bdc -h acd, .'. bac = bca -h 

^ BAC — BCA A— C , ., . 

JACD, .-. ACD = = — _. Likewise, as bac = 

BDC + ACD, adding the angle bca to both, we get bac + 

BCA = BDC + ACD -f- BCA = 2bDC = 2bCD .*. BCD = 
BAC -f BCA _ A-l-C 

2 ^~2"- 

b2 
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Again : ad = bd — * ba = bc — ba ; .*. if ad be equally 

J. .J J ^ AD BC— BA fl— C ,^ 

divided at p, AP = -5- = — 5 — = — 5- ; and 2bp = 

A . n BC + BA 
ifBA + 2aP = BD + BA ^ BC + BA^ .*. BP s 5 = 

Finally: Joining pb^ by Abt. 161, Gbom., pb is paral- 
lel to AC. Ck>nseqiiently be : 6b : : bp : ap, by Art. 1]0» 
Geom.; that is, representing the perpendiculars be and ^£ 
respectively ^ and y, as also the line ec by ^, we have 

y : y : : BP : ap, 

XX 2 2 

But, by Obs. 2, Lesson IV, -^ = tew bcd = tan ^ -^ and 

v' -^— c , 

-^ = tan ACD = tan—^r-; hence 

A + C A— C 

tan • : ^fln — : : « -j-c : <l — c. 



In like maimer ft is shown that tan ~^— : tan — ^ 



•B * ■ 



a + 6 : a— 6 ; and that ten ^ : te« —5— r: h+c : 6— c. 

This, &c. 

Art. 20. Ih a triangle the cosine of any angle multi- 
plied by txoice the product of the sides which contain it, is 
equal to the sum of the squares of those sides diminished by 
the square of the third side. 

Let ABC be a triangle, whose 
sides and angles are represented 
as above by a, b, c, and a, b, c. 
Then, co5 a x 2Ac = ** -h g* 

Dem. Represent the perpendicular bd by y, and dividing 
AC equally at e, represent the intercept ad by x. The 
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intercept do will be represented by (9— jt). By Abt. 47, 

(^ = ^« 4- x^ and a* =s j^ + (*— *)*i 
... c» — a* = o*— (*—*)», 
.*. c* — fl« = ^ — (d— a?)« = - J« 4- 29*, 
.-. 264* = 4« + c« — a«, 

4 

/. 2fc X — = 4*+ c« — a«; 
c 

that is^ as cof A = — , . , 

CO* A X 2ic = 6« + c* — o«, 
Qr> in another fbrm^ 

^« + C« - fl« 

CO.A = : 52; • 

This, &c 

06s. We are now in a condition to proceed to the mea- 
surement of triangles, or Trigonometry, properly so called. 
In a triangle there are three sides and three angles : certain 
of these bSng given in masnitn^ej determine the triangle 
both in form and magnitude. For, 

1^. Two sides and the included angle being ciyen, the 
triangle can be of but one form and magnitude, by Abt. 1, 
Oboh. 

2^. Three sides being given, the triangle can be of but 
one form and magnitude, by Abt. J, Oboh. 

3^. Two angles and a side being given, the triangle can 
be of but one form and magnitude, by Abt. 46, Obom. 

There are no other three of the above six parts which 
will absolutely and completely determine the triangle. For 
if the three angles be given, the triangle is determined in- 
deed as tojbrm, inasmuch as all triangles with three such 
angles must, by Abt. 112, Geom., have their sides respec- 
tively propcTtional'to each other, and therefore be similar 
in figure. Thus, if abc, abc, be two trianeles having the 
three angles at a, b, c, equal respectively to those at a,b,c; 
then, by Abt. 112, Obom., ab : ab : : bc : lie, and ab : ab 



5» 




6 



a. 



.H 







: : AC: ac, and bC: be:: A&: 
ac ; so that, having their angles 
equal and their sides propor- 
tional^ these triangles are si- 
milar in form. But they are; 
or at least may be, very unp 

equal in magnkudCi and there* ^ ^ 

fore a triangle is not determinable from such data^ com- 
pletely as to form and magnitude^- but partially as to form 
alone. 

Again : if two sides and an angle opposite one be given, 
the triangle may be determinable neither as to form nor 
magnitude. For if bc, «h, 
be the two given sides^ and 
BCD the one given angle^ a 
circle may be described with 
B as a centre^ and with a line 
= GH as a radius^ which may I^ 
meet OD^in t-voo points £ and 
p, thus forming two different 

triangles bbg, fbc^ each ha^ns two sides equal to bc, an, 
txiA the giv^n angle bcd ; yet the triangles themselves ^wiil 
be, as in the figure, both uneqnid in magnitude and unlike 
in form. 

It is: evident, hoi(?ef9«r> thfvt) in this case^ aldiough the 
triangle would neK be determined absolutely; it would be 
determined alternatively ; for it would be either bbg or 
FBC* These triangles agree ao^ iax that they have two sides 
BE, BC, equal res^ctively to two bf, bc, one angle bob 
equal to one bcf, and two other angles bbg, bfc, supjde- 
mentor y, inasmuch as Bsc = bfb, by Art. 4, Gbom., 
and bfe together with bfo is equal to two right angles 
(see Bbf. VI.). We may therefore add another case, via. : 

4^. Two sides and an angle' opposite one being ^ven, 
the triangle can be of but one, or a second, form and mag- 
iiitude. 

These are all the distinct data whichx^n be made out by 
combining the six parts of a triangle in threes. It ^vould 
not be determinable from a less number of parts, and to 
propose a greater would be superfluous. We shaU there- 
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fore prodeed to exhibit the iuediod of oompatmg. triangles, 
in thesft four caries* 

LBSSON VI. 

Solution. of Triangles. . 

For simplicity, and because such examples are most fre- 
quent, we shaU first enter on the determination of right- 
angled triangles. In these we may consider one ai^le, viz. 
the right angle, whidi is = 90^, as always given ; there- 
fore- the whde triangle will be determinable £nn any other 
tmo parts being given. 

Abt. 21. In a right-angled triangle given the- two sides 
containing the right angle, the triangle itself may he de- 
termined. 

Let ay h<i c, be respectively the three 
sides of the richt^angled trianffle ; a, b, o, ^ ...• 

the corresponmng opposite an^es, a being ^^.'"^ 

the right one« Then, b, c, a, being given^/ ^ 

or known, a, 9> o> may be determined. B ^ A 



.^r 



c 



Dbm. For a = \/ 6* + c*5 ^flw B = — ; and tanc ^ ^^ 

c 0, 

as is evident from Art. 47> Oeom., and foregoing observa- 
tions. This, See. 

Thus, suppose it were given that the two sides, b and c, 
about the nght angle of a right-angled triangle were re- 
spectively equal to 3 and St^ 3 (feet, inches^ or any other 
linear unit) ; then, we should have 

i« = 3* =_9, 

f = (3>/3)« = 27, 

.-. a = V9 -h 27 = 6. 

Likewise, 1 __ 

tan B = — =r, tan c = ^/ 3. 

Here we have determined the third side, a, to be 6 (feet, 
inches, or whatsoever was the linear unit chosen). The 
two acute angles are also determined; because to find them 
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£rom having tlieir tangents^ we have only to oenfiult a tri-* 
gonometri<»Ll table^ and whatever angles in it have tan^nta 
of the values founds are eqnal to the angles computed* Thu8> 

if 1 be the tabular radius^ we shall see — = registered as 

the tangent of 30^^ and /^^ 3 as the tangent of 60° ; for tan 

^^ = r-5A5- = -^. and ^a« 60° = — -— = ^3. See 
cos 30° ^3 cos 60® 

Table IV. 

Obs. 1. As the angles b and c are together equal to a 
right angle^ having determined either^ b, we may obtain 
the other immediately; for c = 90° — - b. > Thus^ if we 
find that b is = 30°, c must be = 90° — 30° = 60°. 

There are also, in every trigonometrical question like the 
above, different methods of computing the sought quanti* 
ties, some more conveuient than others. But our object in 
this Treatise is merely to explain the nature and use of the 
science, without entering into details which would be un- 
necessary to the general reader. 

In- general, however, it may be said that these methods 
are used which seem best adapted for logarUhmk compu- 
tation. 

Ohs, 2. Instead of looking in a trigonometrical table for 
angles corresponding to the tangents so found, we more fre- 
quently take the logarithms of those values found for the 
tangents', and then consult a table such as we have de- 
scribed in Obs, 2, Art. 17. And this method of calcu- 
lating by the. help of logarithms is now chiefly pursued in 
works of science. Thus, if the sides of the above triansle 
were b = 43, and e = 55, we should have (using the tabular ' 
radius r = 10>°), 

b 
tan B ^ r • — f 
c 

.'. log. tan B = log. r + log. — , by Art. 3, Loo. ; 

c 

* * = log. r 4- log. b — log. c, by Art. 4, Loa. 

= log. 101° V log. 43 - log. 65. 
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But in a loglEUJtlmiic table whose base = 10, 

log. 10»«= 10 

log. 43 = 1,6334685 

.-. log. 10>o + log. 43 = 11,6334685 
and, log. 56 = 1,7403627 

.•• log. 10»« + log. 43 - log. 55 = 9,8931058, 

which logarithm corresponds to an angle = 38^ 1' 8", .-. b 
= 380 1 8", and .-. c = 51^ 58' 52". 

Again, 

a =>/A« + c«; 

therefore a may be found by extracting the square rodt of 
43^ + 55^. It is easier, however, to find the value of a by 
logarithms, to which the preceding formula is not adapted, 
bemg unresolyable into factors, and thereby preventing us 
from substituting the sum of their two logarithms for the 
logarithm of their- product. We must, therefore, obtain 
the value of a by means of some other formula, viz. : 

c 
cos B ^^ r — 
a • 



a zn r 



cos B 

.-. log.« = log.r+log.^, 

=s log. r + log. c — log. cos B, 

= 10-hl>7403627-log.cw3ff»r8'; 

but, in the table of logarithmic cosines, 9,8964202 cor- 
responds to an angle of 38^ 1' 8", and therefore we have 

log a s 10 + 1,7403627 - 9,8964202, 
= 1,8439425 ; 

and, as 1,8439425 is the logarithm of the number 69, 81, 
^c, we find 

a = 69, 81, &c. 

We give the preceding example of trigonometrical calcu- 
lation by help of Logarithms, in order to evince the practical 
utility of the latter science^ and iQustrate the process by 

E 5 



which we in general compute the sideis and angles of a tid^ 
angle from certain data. Investigations Of the same kind 
are of no further use to the reader^ and we shall therefore 
give merely the theoretical solutions for the future. 

Art. 22. In a rigkt-angied triangle gh^en the side op- 
posite the right angle and one of the remaining sides, the 
triangle itself ma^be determined^ 

Representing. the sides and angles. as above^ then, a, bj>A, 
hemg given, c, b, c, may be determined. 



Dem. For czn ^ a^'-^h^, by Art. 47, Gbom.; and sin b 

b b 

r= — y cos c = — , 
a a 

In Ic^arithms*, as 



log. c=log. (a+^)^ . (a— d)^=log. (fl+^)* -hlog.(a— A)*; 
.-. by Art. 6, Lock, 1<^ c =: ^ log. (a+b)^^ log. (« — 6) . 

And, 

log. sin B =: log. b — 1(^. a, 
log. cos c = log. b — log. a. 
This, &c. 

Art. 23. In a right-an^d triangle ghen the side op- 
posite the right angle, ana one acute angle, the triangle 
itself may be determined. 

Representing the sides and angles as aboye, then a, b, a, c, 
being given f, b, c, may be determined. 

Dbm. For, sin; b = • — , .•. ^ = a, sin b : and r- = cos b, 

a a 

.*. c =: a . cos B. 



* To shorten computation we will use the Ordinary radius 1, instead 
of 10*^ which is only necessary when we would solve the question arith- 
metically. 

•)■ One acute angle, aa b, of a right*angled tdangle, being given, both 
are given, inasmudb asH; = 90® — n. 



as 

In logaiidixns, 

log. b = log. a + log. sin b, 
and, log* e = log. a + log* cos b. 

This, &c. 

Abt. 24. In a right-angled triangle given either side 
about the right angle, and either acute angle^ the triangle 
itself may be determined. 

Representing the sides and angles as above^ then b, a, 
B, G> being given^ a, c, may be determiiied. 

Dbm, Pot An b = — , .*. a ^ -s — - ; and — = tan b, 

a smB c 

b 
"" tan B* 

In logarithnis^ 

1<^. a = log. b — log. sin B, 
and^ log. c =: log. b — log. tan b. 
This^ &c. 

Triangles whioh are not right-angled' may be solved^ 
that IB, determined from certain data> with little less facility, 
than the above. 

Art. 25. In any triangle given txoo sides and the in" 
eluded angle, the triangle ttselfmay be determined' , 

Let a, b, che respectively the three 
sides of the triangle, a, b^ g the opposite ^ 



sides, as a, b, and the included angle c, c 



corresponding andes. Then, any two 

'id the included ang 
being known, the third side c, and the 
remaining angles ▲, b, may be deter- a 
mined. 




Dbm. By Abt. 17, 

(A— B\ /A + Bv a— 5 



tan 



bnt as A + B > c = ISO^, .•. a + b = 180^ — c, 
c » 



a+b 



2 

= 90^— -^. Consequently, subtracting half the given angle 
40 



c from a right angle, we obtain ^ , and therefore can find 
its tangent in the tables. Hence, as a and b are likewise 
given, we obtain the whole value of tan ^ , £rpm whence 

A— i 

we get the corresponding single ■ by the tables.. But 

from half the sum — ^r— , and half the difference , of the 

two angles A and b, we can determine both separately ; as 
we have only to add half the difference to half the sum for 
the greater, and to subtract half the differen^ from half the 

sum for the lesser. Thus, if c = 40®^ then ^^ = 90«— | 

= ^(P ; and if, from the above method of computation, we 

A""" B' 

find, by the tables, that — ^r— = 10, then 

* ^ -I- ^ = A = 70« + 100 = 80^, 

and, i±f-^ = B = 700-10° = 600*. 

Again : having thus computed a and B, we may find r. 
For, by Art. 16, 

c sin c ^ ^ sin c 

a stn A sm A 



• It is plain from the formula for tan ft—.\ that, to compute it, 

we need not be given the absolute magnitude of the^tdes a, b^ but merely 
their ratio. For suppose that ratio be m : n, i. e. 

ax b I i m : ity 
. .•. a-\-b : a—b : : w-f-" • »i— «» 

a — b tn — n 

therefore we might use -«--— instead of —— ■• 

fn-\-ft fl-t-O 
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from which formula for c its value may be determined^ os 
a, sin Cy and sin a, are known quantities. 

In logarithms^ 

log. c = log. a + log. sin o — > log. sin a. 
This, &c. • 

Art. 26. Ghen two angles of a triangle^ and the side op' 
posite either of them, the triangle itself may be determined. 

Representing the sides and angles as above, then any two 
angles, as a, b, and a side, as a, opposite either of these 
angles, a, being given, the third angle, c, and the remain- 
ing sides, 6, c, may be found. 

Dem. The third angle, c, is found by subtracting the 
sum of A andB from Iw* ; for a + b + c = 180^ .-. c = 
180O — (a + b). Likewise, by Art.06, 

b sinB , sin b 

= -: s ••. 6 = a . -: ' ; 

a sm A siH A 

, c sin c sin c 

and, — = -: — , .'.<? = «. -: — . 
a stn A sin A 

Hence, 6*and c are found in terms either given as a, or 
easily computable from trigonometrical tables, as sin a, sin 
B, sin c. 

In logarithms^ -^ 

log. b = log. a + 1<^. sin b — log. sin a. 
and, log. c = log. a -j- log. <m c — log. sin a. 
This, &c. 

Abt. 27* Given two angles of a triangle, and the side 
between them, the triangle itself may be determined. 

For two angles being given the third ifi determinable, as 
in Art. prec. ; and the solution of thi^ question will be 
thus reduced .to the last. 

Art. 28. Given the three sides of a triangle, the triangle 
itself may be determined. 

Representing the sides and angles as above, then a, b, c 
being given, a, b, c may be found. 

• c may be found immediately ; because cm c x 2ab « 6* + 6'— c% 
by Art. 20. In tbis formula, a, 6, and cot c are known quantities, 
whence c may be found. 
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DsM. By Art. 18, 

^2 -I- c* — a^ 

cos A = ^, 

26(7 

From which value, in known terms, for cos a, we may find 
A itself from the tables. Hence, the triangle may be deter- 
mined by Abt. 23, as we know one of its angles and the 
including sides. This, &c. 

Obs, We may determine b and c without the help of Abt. 
23, as we determined a, namely by the fonnulse (Art. 20) 



COSB = 



COS C := 



2ac ' 



2ab 

There are also various other methods of resolving this 
question, but one is sufficient to our purpose *. 

. Abt. 29. Given two sides of a triangle, and the angle 
opposite either ofthemy the triangle itself may be in some 
cases determined. 

Representing the sides and angles as above, then any two 
sides, as a, b, and the angle, as A, opposite either of ihem, 
a, being given, the triangle itself may be determined in two 
cases, viz. P, if the given side not opposite the given angle 
be less than the other given side ; 2^, if the given side not 
opposite the given angle be less than the third side. 

Dbm. By Abt. 18, 

sin B b . b , 

—, — = — , .'. £i;t B = — . stn A. 
sin A. a a 

In logarithms, 

log. sm B s= log. sin a -f log. b — log. a. 

Ckmaequentlv sin b is determined, the quantities b, a, aud 
sin A being known. But as, by Abt. 6, the sine is the 
same for two supplementary angles, we cannot determine 



* It shoald be observed that the method here given is not adapted to 
logarithms, and therefore others of a more complex nature are used in 
pnkerenoe. 




87 

to wLieh of these the une foand bekngs^ unless^ in £oiiie 
cases^ from other cousiderations. 

1^^ If ^ be less than a, then^ by Art. 
41^ Geom., b will also be less than a. 
Therefore, if A be acute> b will like- 
wise be acute ; and if a be not acute, b 
will be acute by AnT.d8> Gbom. Hence, ^ o a 

in this case "b must be that supplementary angle, whidi is 
less than 9QP. 

Thus, if 5 : a : : 1 : 2, and sin a ^ ^/ 3 ; then, sin b = 

'^—' which is the sine either of an angle equal 60^, or 120^ ; 

but as b is less than a the angle b must be acute, and there- 
fore must be the lesser of these supplementary angles, i. e. 
600. 

2^. If 5 be less than c, then by Art. 41, Geom., b will 
be also less than c. Therefore, if g be acute, b will be like- 
wise acute ; and if c be not acute, b will be acute by Art. 
38, Geom. Hence, as before, though the value we find for 
^n B belongs indifferently to two supplemental angles, as 
we know from other considerations that b is acute, we know 
that it must be the lesser of these supplementary angles, 
and therefore can determine it. 

Again : having computed b, we obtain c, because c = 
180° — (a + b) ; and having thus found c, we may obtain 
the third side c, of the triangle ; for« 

c __ sin c ^ ^ sin c 

a sm A sin A. 

In logarithms, 

log. c = log. a + log, sin c •«• log. sin a. 
This, &:c. 

Obs. Even without these considerations abovementi<«ed, 
the triangle can be determined to one of two triangles; for 
sin b can only belong to one of two angles, viz. supple- 
mentary ones, as was explained in page 78* Thus, if b : 
a : : 2 : 1, and sin a =: ^ ; then, sin b = ^, which is the 
sine of an angle equal 30° or 150°, /. b must = 30* or 
150^. Hence, according as we take either of these values 
for B, the third angle o will have a corresponding value. 
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«ad •*• also the third side, c, which depends on the value we 
assign to o in the formula above. 



c = a . 



stn c 
nn A 



Consequently, with the given sides b, 
a, and the given angle A, as each other 
part of the required triangle may have 
two values, and only two, the triangle 
itself may be one of two, cba or cb'a, 
as in the annexed figure, and must be B 
<me of these, though which it is impos- 
sible to determine. 




••/ 






APPLICATION OF TRIGONOMETRY TO 

PRACTICE. 

I. The perpendicular height of an object may be deter- 
mined though the foot be inapproachable^ 

LetAbeanyobject,ABitsperpen- a 

dicular height from the sumce on 
which we stand. Then, the height 
AB may be computed without ap« 
proachmg the perpendicular ab. 

Dem. The sur&ce cdb on which 
we stand being supposed plane, or ^i 
perfectly flat, £raw the right line cd, C ' D b 

of any convenient length, and mea- 
sure it' At the point C direct a straight ruler ge until it 
covers the object a, and measure the angle ecf between ce 
and CD. In the same manner, at the point n, measure the 
angles cda, ADB,by directing the rtder dq to cover the 
object A *. These things being done, we have, in the tri- 









* A quadrant^ or other iDstrument, is generally used to measure these 
angles with exactness ; but we must then allow for the height of the 
instrument from the ground. 
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tangle adc, the angles acd and aoc by measurement ; there- 
fore we knbw the angle cao^ beeause cad = 180^ ~ (acd 
+ ADc). Consequently^ as by Abt. 18^ 

AD : CD : : sin acd : sin cad, 

sin ACD 

.*. AD = CD X -r ; 

Stn CAD 

and therefore the line ad is determined in known quanti- 
ties CD^ sin ACD, and sin cad. Novr, as ab is perpendicular 
to CDB^ we have, in the triangle adb, 

AB 

— = Stn ADB, 

AD 

.*. AB = AD X sin ADB ; 

hence ab is determined in the known quantities ad, sin add, 
which was the thing required. 

06s, By the same means we can determine the per* 
pendicular height of any object, such as a cloud, Sec*, 
It being of no importance in the preceding invescigatioh 
whether the object a is supported on the plane, or sus- 
pended in the air. Likewise, the perpendicular height of 
a tower, or other elevation, may be computed, though the 
foot be not only inapproachable but invisible; for it is suf- 
ficient if the top alone be observable. We have only to 
measure the line cd, and the angles acd, cda, adb« and 
proceed as above. 

II. The distance of an elevated object may be deter- 
mined though itsjbot be inapproachable. 

Let A (in the above figure) be any object. Then, its 
distance, ca, may be determined. 

Dem. Measuring the line gd, and the angles acd, cda, 
we know the angle gad as before ; and 

AO : CD : : sin cda : am oad, 
sin cda 

.•. AC = CD X -: ; 

sin CAD 

hence ac is determined in known quantities cd, sin cda, 
and sin cad. Which was, &c. - 



-5.. 
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Obs, h The distance^ cb^ along the plaue^ is also deter- 
minable. For^ 

CB 

AC 
,•. OB =s AC X COS ACD. 

Obs, 2. The above distances ag, CB,.are determinable, as 
is evident, though the extremity a of the perpendicular ab 
be alone visible. And in this manner "we may compute 
the distance of a cloud, pinnacle, battlement, or any othear 
elevated object, from whatever point of view we choo8^« 

III. The distance of an object on the ground may be de- 
terminedy though it be inapproachable. 

Let A be any object on the plane 
surface bag, which we suppose to A 

represent the ground. Then, the /' 

distance ab, from the object, a, to -v*^ 

the place of the spectator, b, may /* , . 
be computed, without approaching B 30 C 

the object* 

Dem. On the siix&ce bac draw the right line bc of any 
convenient length, and measure it. At the points b and c 
direct the rulers bf and gb^ and measure the. angles abc, 
acb, between them and the line bc. Hence, we know the 
angle bag, for bag = 180^ — (abg -f acb)« Conse- 
quently, as 

AB : BG : : sin agb : sin bac, 
sin AGB 

.'. AB = BGX-; ; 

Sin BAG 

hence, the distance ab is determined in known quantities 
Bd, sin AGB, and sin bag. Which, &c. 

Obs, By this means we may compute the breadth of a 
river, or chasm, from one side of it. For we have only to 
draw BG along the brink, and determine the distance ab 
from one extremity, b, of this line to some object, a, on the 
opposite brink, as in the above example. And if we wish 
to compute the direct breadth, ajd, we may find it thus : 

AD 

= Sm ABB, 

AB 

.'. AB = AB X sin ADD ; 
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hence> ad is determined in quantities^ ab and sin abd^ 
already computed or measured. 

IV. The distance between two inapproachable objects may 
he determined. 

XietA^ n, be two inapproacbable 
objects. Then^ their distance ab A^ 
may1)e determined. 

Dem. Draw upon the ground 
the right line cd of any convenient 
lengthy and measure it. By the 
help of rulers along ca> cb, oa^ and 
OB^ let the angles acd> bcd, adc, 
CDB, be measured. Now> in the 
triangle AGD^ the angle CAD = 180^ 

— (acd -|- ado), and is therefore known. Also> in the 
triangle bcd^ the angle cbd = 180^ — (bcd + gdb)^ and 
is therefore known. Consequently^ as 

GA : CD : : sin adg : sin gab^ 

and^ CB : OB : : sin cdb : sin cbd> 

sin ADC 
;•. CA == OD X -r: » 

Sm CAB 

sin CDB 
and, CB = CD X -: : 

Stn CBD 

and there£»re ca, gb; are determined in known quantities. 
But the angle acb = acd — bcd, and is therefore known. 
Hence^ in the triangle agb we have the angle acb, and the 
sides aboUt it ca> gb, to determine the base ab ; .which may 
be done by Abt. 25, Which, &c. 
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ADDENDUM TO TRIGONOMETRY. 

One or two principles which the Student' will find ex- 
tremely serviceable^ but which would have interfered with 
the regularity of our system^ may find place here in the 
form of addenda. 

Art. 30. In a very small arch the sine is nearly equal 
to the tangent. 

Let AD be any arch^ do its sine^ 
AH its tangent. Then^ if ad be very 
small^ DG is nearly equal to ah. 

Dbm. do : ah : : go : ca, bv Art. 
112^ Geom. ; but when ad is very ^ 
small^ its cosine^ co^ is nearly s= to 
the radius CA^ and .-. also the sine 
DO isj in this case, nearlv equal to * the tangent ah. 
This, &c. ' 

Obs, Hence in very small arches the sine and tangent 
may be considered as equal ; as also the sine, tangent, and 
arch itself, which latter is between the two former, and 
may> in these cases, be taken as a right line. 

Abt. 31. The circumference of a circle is nearly equal 
to three times and a seventh its diameter^ 

Dbm. By Table II. we have calculated the sine of an 
arch = 15^, and find it to be 




-y*-^. 



sin 150 ^ ^^ , 

%r * 4 

And by formula 9, Table I, we have 
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2 Hn 7|o X CM 7^0 = B X «» 160, 



'''Ji-4 



Ck>n8equentl7^ from this equation we can set the value 
of sin 7i ^ or of the sine of half the first an^. And, in 
the same manner, by applying the same formulfi^ we can 
get the value of the sine of half the angle = 7i ^^ i* c, we 
can get the value of the sine o^ 3^ 45'. By thus proceeding 
continually, we can at length get the value of the sine of 
an angle as small as we choose. Now the value of the sine 
of an angle = 1' has been actually computed, and it has 
been found that, in decimals, 

sin r s= R X O0029, &c. 

But by Obs, Art. prec., sin 1' = arch of 1'; therefore 
multiplying the above value for an arch s= T by 60, we shall 
get the value, or length of an arch = 60' = l^ viz. : 

• R X 00029 

60 



R X -01740 



And multiplying this by 360, we shall get the length of an 
arch = 360^ := the circumference, viz. 

R X 01740 
360 



104400 
5220 



R X 6^26400 



Hence, we find that the circumference is = r x 6*26400, 
i. e. about sijp times and two-sevenths the radius, or three 
times and one-seventh the diameter. This, &c. 
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Obs. The ratio of the circumference of a circle to its 
diameter, investigated by methods still more accurate than 
that we have exhibited (which is only given here for the 
sake of illustration), is found to be nearly equal to the 
ratio of 3-141592:1. 

Mathematicians have chosen the Greek letter it (p) to 
stand for the above number ; and in all scientifical treatises 
where 'this symbol tr occurs, it is generally understood to 
represent the ratio of the circumference of a circle to its 
diameter ; hence it will be useful to recollect the formula 

circumference ^ _ . , ^ .^ 

T = — TT-^ = 3-141592. 

atameter 



SPHERICAL TRIGONOMETRY. 



Prefatory Principles. 

A FEW principles of Solid Geometry essential to the fol- 
lowing Treatise^ and useful in all Science^ may be well 
introduced here : so very few, however, are necessary for 
our Series that it would be absurd to collect them into k 
totally separate work. 

Article 1. One portion of a right line cannot he in a 
plane, and another portion out of it. 

Let ACB be a right line, one 
part of which, ac, is in the plane 
DEFO. Then, no other part of 
the line can be out of the plane 

DEFG. • 

Demonstration. Suppose 

the part cb to lie out of the plane 

DEFG. Produce the right line d Cr 

AC, in the plane dbfg, to any point i, and let a plane pass 
through the points a and i. Then the line ai is in this 
plane *. Also let this plane be turned about ai until jt 
pass through the point b ; and as the points c, b, are in this 
new plane, the right line cb is also in this plane. Now 
draw CH in this plane, making, with ci, a greater angle 
than bci: consequently, by Art. 9, Geom., the angles 
ach and Hci are together = to two right angles. But as 
the line acb is likewise supposed a right one, the angles 



* Axiom. A plane being a perfectly even surface, the right line 
joining any two points in it must lie wholly in that plane (else the right 
line itself could not be perfectly even between these points) ; and may also 
be produced to any length in Uiat plane. 
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ACH and HCB together would be also equal to two right 
angles. Therefore the angle hoi would be equal to the 
angle hcb, the greater to the less, — ^which is impossible. 
Hence the above supposition is false ; cb does not he out of 
the plane defg. This, &c. 

Art. 2. Three right lines which meet one another are in 
the same plane. 

Let the three right 
lines MN, OP, qr, meet 
one another in the points 
A, B, c. Then, these three 
right lines are in one and 
the same plane. 

Dem. Conceive any / \ C li' 

plane passing through -^ ^/ ^s^ - 

the line bc to be so / \ll 

turned about bg, so as ^ 

to pass through the point a ; the right lines ba, ca, having 
respectively nie two points b and a, o and A, in this plane, 
must themselves lie in it. Hence, the three right lines bc, 
BA, CA, being in the same plane, the three right lines mn, op, 
OR, would likewise be in it, by Art. prece(]jng. This, &c. 

Observation 1 . Every triangle is in one and the same 
plane. 

Obs. 2. Two right lines which meet one another, are in 
the same plane. For, if op, qb, be the lines (figure pre** 
ceding), conceive a plane passing through any point B in 
the one to be so turned as to pass through any point c in 
the other, and these points b and c to be joined by a right 
line in that plane. Hence, by Art. preceding, the three 
right lines bc, ba, ca, are in the same plane, and therefore 
also the two right lines ba and ca, or the whole lines op 
and QR. 

This truth might have been also proved in the same way 
as the Article from which we have deduced it. 

Art. 3. If two planes cut one another their line of in- 
tersection will he a risht one. 
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tiet ABOD, 8F<W, be two planes cutting E 
one another in the line hn. Then, this 
line UN ia a right <me. 

Deh. Suppote the line XN, which is 
common to the two planes, not to be a right 
line- In this case the points m anaN 
might be joined by a right line min in 
the plane abod ; and, as this right line is ^n 

supposed different from un, it is not in the ^ |f j| 
plane Efgh, and there might be another 
right line, uoH, drawn in the plane bfgh, 
between the same points u and tf. Consequently, on this 
supposition, the two right lines min, mon, wOuld enclose a 




!E 



!, which is i 



Hence, the supposition is false ; 



that is, the line of intersection mn is a right one. This, &c. 

In onnmon speech we say that a line is perpendicular to 
a plane when it leans no more to one side than luiother; 
this notion, stated a little more accurately, becomes the 
geoDietrical definition of a perpendicslar to a plaAe. 

Def, I. A right line is said to be pcrpeadicitlar to a 
plane when it is perpendicular to all the right lines in that 
jilane which pass through the point where the line meets 
thejplane. 

Tlius, if AB be a right line A 

drawn to the plane cofdhb, so 
that all the nght lines in that 
plane which pass through the 
point B, such as gd, bf, gb, are 
perpendicular to ab, then ab is 
S«ia to be perpendicular to the 
plane cofdhb. 

Art. 4. If at the point where 
two right lines itdereect, a right 
line ttand perpendicular to both, 
it shall also be perpendicular to 
the plane I'a which they lie 

het AB be a right line perpen- 
dicular to both the right fines 
GH, IK, at their point of inter- 
section, B. Then, ab is per- 
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pendicttlar to the plane cbef, in which these lines gb, 
IK, lie. 

Dem. Through the point b draw ani/ right line lm, in 
the plane cdef. Take the portions bg, bi, BUysk, equal 
to each other; and draw the right lines AG, ai, ah, ak. 
In the four triangles thus formed abg, abi, abh, abk, the 
four angles abg, abi, abh, abk, are granted equal, heing 
aU right angles. Likewise the side ab is common, and 
therefore as the sides bg, bi, bh, bk, have been taken 
equal, the four bases Ao, ai, ah, ak, are equal, by Art. 1, 
Geometry. 

By Arts. 1 and 2, Geom., as the sides bi, bg, are equal 
respectively to the sides bh, bk, and the contained angles 
iBG, hbk, being vertically opposite, are also equal, there- 
fore the angles bil, bkm , are equal ; and also the bases ig, 
hk. ' Consequently, the three sides AG, ai, ig, of the tri- 
angle AiG having been proved respectively equal to the three 
sides ah, ak, hk, of the triangle ahk, the angle ail op- 
posite AG is equal to the cori'esponding angle akm opposite 
ah. But in the triangles ibl, kbm, the vertically opposite 
angles ibl, kbm, are equal; as also the angles bil, bkm ; 
and the sides bi, bk : therefore, by Art. 46, Geom., il = 
km, and bl = bm. Thus, in the triangles ail, akm, we 
have shown that ai = ak, il =: km, and the angle ail = 
AKM ; wherefore, by Art. 1, Geom., al = am. Hence, 
as in the triangles abl, abm, it has been proved that al 
=: AM, and BL = BM, the side ab being common, we have 
the angle abl := abm, by Art. 6, Geom. ; that is, ab is 
perpendicular to lm. In the same manner it may be de- 
monstrated that AB is perpendicular to every other right 
line in the plane cdef ; whence, by Def. preceding, ab is 
perpendicular to the plane itself. This, &c. 

Again : in common practice the mutual inclination of two 
planes, which meet or cut each other, would be considered 
as rightly measured by cutting them with a third plane 
on which both would stand upright, and then taking the 
angle between the lines where the latter plane cuts the two 
former. 
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-Thus, ifABCs,HF6Ei, were 
two planes cutting each 
other in the line sr, and 
IKLH, a third plane cutting 
the f<n^er in the lines nr, 
QP, so that they stood 
upriffht npon it, then we 
snouftl sav that the inclina- 
tion of ue planes abcd, 
KFOH, was rightly mea- 
sured hy the inclination of 
the lines no, op, to each 
other. 

Ifwenow consider that the line of intersection, so, must 
also he upright on the plane iklm, that is, perpendicular to 
the lines no, op, or they perpendicular to it, the following 
definition ivill appear to spring verv naturally from the 
above popular method of estimating t^e inclination of two 
planes to each other. 

Def. II. When two planes cut each other, the angle 
between them, or their mutual inclination, is measured hy 
the angle between two right lines drawn in those planes 
from ^e same point of their line of interaection, and per- 
pendicular to it. 

Thus, if HKLN, FOHi, he 
two planes which intersect 
in the right line ab, and if 
DO, DB, be right lines drawn 
in the planes mkln, fobi, 
respectively, from the same 
point, D, and both perpen- 
dicular to AB ; then, the 
angle which the said planes 

muke with each other is measured by the angle between 
these right line* DC and de. Any one such angle may be 
taken to measure the angle between the planes, inasmuch 
as their mutual inclination is evidently the same throughout 
their whole common length, ab. ^Notb C.]] 

Def. III. Two planes are perpendicular to each other 
when the angle between them is measured by 'a ri^t angle. 
Thus, in the above figure, if the angle between the perpen* 
f2 




diculars be, de, be a right angle, the planes mkln, vaau 
are said to be perpendicular to each other. 



LESSON I 
Of the Spker 

Definition IV. Any figi 
. by a plane surface, is called a 

Thus, if a die be eut by a plane parallel to any side of the 
die, ea£h of the figures made where the plane passes is a 
section of the die, namely a square. 

Ob» A diameter of a circle remaining fixed, if the drcle 
Ik made to revolve about this diameter, it js evident that 
the cii-cumference will describe a surface which, is every 
where equally distant ^m the centre of the circle ; and that 
if the circle revolve prt^ressively, the surface described will 
at length return into itself, so as totally to include a solid. 

Thus, if AB be any dia- 
meter of a circle adbb, and 
if AB remain fixed, there will ^ 

be a eur&ce described by 
the progressive revolution of 
ADBE round AB, through the 
points m, n, e. And every 
point of the circle being 
equally distent from the 
centre c, therefore also every 
point of the surface de- 
scribed by the revolution of 
that circle will be equally 
distant from the same centre. 

Dbf. V. A sphere ia a solid figure bounded by one 
surface, such, that all right lines drawn &om it to one and 
the same point within the figure are equal to one another. 

Dep. VI. In a sphere, the point from which the surface 
is every where equally distant, is called the centre of the 
sphere *. 
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Ob». 1 . It is plain that the centre of the sphere ia also 
the centre of the revolving circle. 

t)BP. VII. A light line drawn IVoin the centre of a 
sphere, and terminated in the surface, is called a Radius 
01 the sphere. 

Dkf. VIII. A right line drawn throngh the centre of a 
^here, and terminated both ways in the aurihce, is called 
a Diameter of the sphere. 

Art. 5. Ewry lection of a iphere, made by a plane, is 
a circle. 

Let ADBBA be a plane 1 

section of a sphere. Then, 
ADBEA is a circle. 

Dbm. FirU; Ifthe plane 
pass through the centre, c, 
of the sphere, as in figure 1 . 
Draw right lines, cd, .ce, 
CB, &C., from the centre to 
all points, n, e, b, &c., of 
the boundary of the sec-- 
tion ; aud as all these ri^t 
lines are drawn from the 

centre to the surface of the sphere; they are all equal, by 
SsF. VII. Hence, by Def. 2, Oeom., the bounding line of 
the section adbba is a circle. 2 

Secondly; If the plane do not 
pass through the centre, c, of the 
sphere, as m figure 3. Draw the 
right line cf perpendicular to the 
pkne of the section asbea ; and 
also a right line, cd, cb, to any 
points, a, B, &c., of the boundary 
of the section. Jmn fd and fb. 
By De7. II. CF is perpendicular 
to PD and FB ; therefore, by 

what tbe Circle ii to Plane Sguro. Also, it ia luflBeiently evident th&t 
ihe ccDtre of a ipheie muit be iHlAin tbe figure, uid that ■ ipbere hai 
but one centK, which priadplei we therefore unime ; Dr thejr may be 
Tfttmi in th« sun* mauiMr h Abti. 46 and 4^ Oeohctky. 
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Art, 47, Gbom., cd? = cf* + pd", and also ck» = cf* + 
FE^. Consequently, as cd == cb by Dep. VI, cp* + m^ ^ 
CF* + fk', .". pu' = PS*, .-. FD = PB. Hence, all the 
right lines, such as fs, fe, &c., drawn from the point p to 
the boundary of the section, being equal, this boundary is a 
circle, by Dbp. 2, Gkom. This, &c. 

Def. IX. A great circle of a sphere is that made by 
a pltme passing through the centre of the sphere. 

Art. 6. All great circles of the same sphere are equal 
to each other. 

Because their respective radii, being all radii of the same 
sphere, are equal. 

Art. 7. Tvio great circles of the same tphere divide 
each other into tmo equal parts. 

Because the intersection of their pbnes is a diametelr of 
the sphere, and a common diameter of both circles; which 
therefore divides both into equal parta. 

Obs. Hence all great circles of the same sphere divide 
each other into two equal parts, 

Dep. X. A lesser circle of a sphere is that made by a 
plane which does not pass through the centre of the sphere. 

Aet. 8. All lesser circles equally distant Jrom the centre 
of the sphere are equal to eack other. 

Let ABD, GHi, be two 
small circles equally distant 
from the centre c (that is, 
luving the peipendiculars / 
CP, CB, drawn to them from '^i-j^ 
the centre, equal) Then the 
circle abd, ohi, are equal to 
each other. 

Dbm, Draw CB, cQ from 
the centre c, to any pomts b 
Q, in the circumferences abd 
OHI ; and join pb, fg Con 
sequently, as CF, cb are by Dep I, perpendicular to pb, 
BH, we have, by Art 47, Gbom , cB" = cp« + fb^ and 
also CO* = CB» + KG*. But OB = CO, being radii of the 
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sphere^ .•. cf* -h pb* = cb* -f- bo*, or as cf = ce .•. pb = 
BG. Hence, as the radii of the two circles abd, ohi, are 
equal, the circles themselves must be equal. (Art. 81, 
Geom.) This, &C. 

Def. XI. A spherical triangle is a spherical surface 
bounded by three arcs of great circles. 

Obs, 1.- The three arcs which bound a spherical triangle 
are called its sides ; and are usually considered to b^ each 
less than a semi-circumference. 

Obs, 2. The three angles contained between the planes 
of the three great circles whose arcs form a spherical tri* 
angle, are called the angles of the triangle, 

Obs. 3. A spherical triangle is said to be right-an^led 
when any of its aneles is a right angle. But, unlike a plane 
right-angled trian^^e, it may have two or three of its angles 
each a right angle. 

Aet. 9. In any right-angled spherical triangle, thepro' 
duct of the sine of the side opposite the right angle and the 
sine of either remaining angle, is equal to the sine of the 
side opposite the latter angle. 

Let ABO be a tri- 
angle, formed on the 
surface of a sphere 
whose centre is o, by 
the planes abo, aco^ 
GBO, of three great O 
circles^ whose arcs ab, 
AC, OB, form the three 
sides of the triangle. 
Also, let the planes 
ABO, Aco, be perpendicular, that is> let the angle bag of 
the triangle be a right one. Then, calling the three angles, 
BAC, ABC, ACB, of the triangle (that is, the three angles 
under the jdanea abo and acq, abo and cbo, acq and cbo), 
A, b, 0, xespectivel^, and the sides bc, ac, ab, opposite 
these angles respectively, a, b,c ; we shall have 

sin a X sin b =: sin b, and sin a x sin c = sin c, 

Deh. From the vertex of the angle c draw the right 
lilje CD perpendicular to oa ; and from the point d draw the 
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right line de perpendicular to ob. Join eg bjr a right line/ 
Now^ CD being perpendicular to oa> is perpendicular to the 
plane abo ; because drawing in this pkme the right line dp 
at right angles to oa, gd will then be perpendiqular'to do 
by construction^ and to df, by Def. Ill, inasmuch as the 
planes abo, ago, are perpendicular to each other : conse* 
quently, by Art. 1, gd is perpendicular to the plane 
ABO. But CB being perpendicular to the plane abo must 
be also perpendicular to the line de, by Def. I ; and there- 
fore CDS is a right-angled triangle. Hence, in the right- 
angled triangles cdo, deo, gde^ we have, by Art. 47> 
Geometry, 

oc^ = OD^ + CD*; 

and oD* =5 OE* + db* ; 

and EC* s= ED*' + CD*, .*. bc* — bd* = CD*. 

Putting the values for od^ and cd^ found £rom the last twa 
equations into the first, we get 

oc« = OB* + EC* ; 

consequently, by Art. 132, Geom., the triangle dec is also 
right-angled at B. Thus, de and cb being drawn respec- 
tively in the planes abo, cbo, perpendicular to ob, the 
intersection, we have the angle dec equal to the angle 
between the planes, by Def. II, that is, to the angle b. 
Likewise, in the right-angled triangle cdb, sin dec = sin b 

= — . But, -^ = sin doc = sin (of corresponding arch) 

CE CO 

AG = sin by .'. CD = CO X sin h ; also — = sin cob = sin (of 

CO 

corresponding arch) BC = sin a, .*. ce = co x sin a. Hence> 

CD CO X sin6 , . . , 

sm B = — = ; — , .*. sin.fl X sin B := sin 6. 

CE CO X sina 

Instead of beginning with the vertex of angle c, we might 
ieis well have b^un from that of angle b,, and the process 
would have been exactly similar, only that for angle B we 
should have had angle c, and tor b the side opposite b, we 
<6hould have had c the side opposite c. Making these sub- 
stitutions in the above formula, we obtain, without going 
through another demonstration, sin a X sin c ^ sin c. 

These, &C. 
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Abt. 10. In any rtghUanfrled spherical triangle^ ike 
iaf^ent qfeUher side adjacent to the right angle is equal to 
the product of the tangent of the side opposite the right angle 
and the cosine of the angle between these sides. 

In the above iBgure^ representing the sides and angles as 
before^ we. shall luLve 

tan c = tan a x cos b^ and tan b = tan a x cos c. 

Dbm. In the right-angled triangle gdb^ cos dbc^ or cos b^ 
2= — • But, — = tan DOB = tan (of arch) ba = tan c, /. 

CB OB ' 

CB 

DB = OB X tanc: also, — = tan cob = tan (of arch) bc 

OB 



OB X tan c 






= tan a, .'. cb = ob x tan a. Hence, cos b = 

OB X tan a 

tan c = tan a x cos b. 

As explained in last Article, had we begun the con- 
.'struction in the figure ^m b instead of c, we should have 
obtained an exactly similar formula to the above, the angle 
€ takins the place of b, and the side b that of c ; that is to 
fiiy, without further demonstration, tan b = tan a x cos c. 
This, &c. 

Abt. 11. In any right-angled spherical triangle, the 
cosine of the side opposite the right angle is equal to the 
product of the cosines of the remaining sides. 

In the last figure, retaining the same notation, we shall 
have 

COSA=C063XCOSC. 

Dbm. Cos a = cos (of arch) bo = cos boo = — . But — 

OC OD 

= 008 DOB = cos (of arch) ba = cos c^ .*. ob = od x cos o; 
also, — = cos DOC = cos (of arch) ac = cos 6, .•. oc =* 

00 
OD. -- ODXOOSC , r«. . - 

— ^, Hence,coBas= scoft6xcosc. This,.&c. 

p>80 OD *^ 

COS 6 

p5 
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Obso There are some other properties of a right^ans^^d 
spherical triangle of great utility in the sciences. But' 
instead of demonstrating these geometrically in separate 
Articles^ it will be shorter^ easier^ and therefore perhaps 
clearer, to deduce them algebraically from the pnndples 
just established, which may be done in one Article, as 
follows : 

Art. 12. First: 

By Art. 9, sin b = -7 — , 

* sin a 

and by Art. 10, cos c = , 

tana 

. t 3. . . sin B sin £ X tana 

hence, by division, = -; — ; ;. 

cos G sin a X tan 

-n ^ sin a , , sin A • , , ^ - 

But, as tan a = , and tan 6 = 7, the last ror- 

cos a cos . 

mula becomes 

sin B __ sin h x sin a X cos h 
cos c sin a X cos a X sin 6 

= , or, by Art. 11, 

cos a "^ 

1 



cos c 

Hence we obtain the new formula 

sin B X cos c =* cos c. 

In like manner, by dividing the other formule in Arts. 

9 and 10, viz. 

sin c - tan c 

sm c = -:; — , and cos b = , 

sm a tan a 

we obtain the new formula 

sin c X cos 3 = cos B, 

which is perfectly symmetrical with the other, and might 
have been deduced from it at once, by changing the letters 
B, c, c, into c, hi B, respectively. 
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Again : by dividing these new formula, we get 

sin B X cose _^ cose 

cosB sin c X cos A * 

sin B , cos c 

im^ as = tan b, and —. — = cotan c, 

' cos B sin c 

this equation becomes 

cotan c 

tan B X cos c = 7-, 

cos 6 

.•, tan B X cos c X cos d = cotan c ; 

or by Abt. 11, 

tan B X cos fl = cotan c,' 

which is a third new formula. 

cos C ^ A. ^x,' 

Aeain : inasmuch as cotan g = -r— -, we get from this 
**© sin c 

third formula, 

cos c 

tan B X cos a = -, — -. 

sm c 

But, by Art. 10, cos = ^^ ; and by Art. 9, sin c 

• 

= ^- : consequently the above equation becomes 

sin a 

tan 6 X sin a sin a 

tauB X cosfl = ; — >^^^7IZ'J: =^sfl, 

tanaxsmc tana 

tan6xcosa 

"" sin c 

.•• tan B X sin c = tan b. 

-In like manner, by the third formula we have 

cotan c c= tauB x cos a, or, as above, 

tandxcosa . i.,A„^n 
=: , 1. e. by Art. U, 

sin c 

tan 5 X cos 6 X cose 

= ; — ; 

sine 
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008 C 

but tan 6 X cos ^ = sin 6, and -: — = ootan c* .*. this equa* 

' sin c? ^ 

tion becomes 

cotan c := sin 3 x cotan c, or as cotan = — , 

tan 

1 _^ sin 6 
tan c tan c' 
.*« tan c == tan c X sin b, 

a result perfectly symmetrical with the fourth new for- 
mula^ and which might have been deduced at once from 
that by changing b, c, b, into c, b, c, respectively. 

Obs, 1. Let us collect these ten formulae in a body^ for 
easy reference^ arranging them in the simplest form, thUs r 



1. 


sin b 


zz. 


sin B X 


sin a. 


2. 


sin c 


zn 


sin c X 


sin a. 


3. 


tan b 


I^ 


cos C X 


tana. 


4. 


tan c 


:= 


cos B X 


tana. 


6. 


cos a 


:= 


cos b X 


cos c. 


6. 


cos c 


^ 


cos c X 


sin B. 


7: 


cos B 


= 


cos d X 


sin c. 


8. 


cotctnc 


^m 


tans X 


cos a. 


9. 


tan 6 


izr 


tans X 


sin c. 


10. 


tan c 


3^ 


tanc X 


sin b. 



The above formulae are, each and all^ equations between 
three of the 'five parts B, c^ a, by c, which, with the right 
angle a, make up a right-angled spherical triangle. Hence^ 
any two of those parts being given, the third may be found 
by one or other of these equations, and so the whole tri- 
angle be determined. 

Obs, 2. It would be rather difficult to retain the above 
ten formulae in the memory, so as to be able to apply them 
whenever it was nc^cessary. Recollection, however, would 
be much facilitated if we could reduce the number of eqna^ 
tions, so as yet to include them all. That this is possible 
becomes immediately evident from the way in which we 
derived these equations, or from a bare inspection of them. 
For, we see th$it 1> 3^ 6, 9> are exactly similar to 2^ A, 7> 
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10 ; and therefore we have only to recollect tiie former^ 
chancing B,c, b, c, respectively into c,b^ c, b, when we would 
recollect the latter. By this means we are enabled at once to 
reduce the number of equations to six^ instead of ten : 

I. sin ^ =: sin B X sin a. 
II. tan 6 = cos c X tan a. ^ 

III. cosa = cos6 xcosc. . 

IV. cos = cos c X sin B. 
V. cotan G =: tan b x oos a. 

VI. tan b dz tan b x sin c. 

Such a table might be recollected without much difficulty. 
The omitted equations might likewise be easily supplied if 
necessary in practice^ as is evident. For example^ if sin c 
and sin a were given to determine c, then, in No. I^ changing 
B into c, and d into c> we get 

' sin c = sin c x sin a> 

the omitted equation (2)^ which answers the question. 

But the number of these equations may be still fiBirther 
reduced by a little consideration and ingenuity. We per- 
ceive that in the equations I, IV^ and III> only the sines 
and cosines appear^ while in 11^ VI, and V, tangents and 
cotangents appear also. Thus^ we get the two remarkably 
distinct sets of formulae : 



sin 6 = sin b x sin a. 
cos G = cos c X sin B. 
co6a = co66 X cos 6. 



tan 6 = cos o X tan et. 

tan b = tan B x sin c« 

cotan G = tan b x cos a. 



Now4*if B^ o', a, 'be respectively the complements of b; 
c^ a, then, as sin b = cos b, cos g =s sin c, cos a = sin dy 
the first. set of formulee wiU become, by these changes^ 

sin 6 = cos b' X cos a, 

sin c' = cos c X cos b, (A) 

sin a = cos 6 x oos c; 

remarkable for all the left-hand quantities being sines, and 
aiX the right hand cosines. 
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Again : Frttn the second net of formula we get 

tan b 

cos C 3S 



sm c =s 



tana' 
tan b 

tanB^ 
cotan c 



cos a s 



tans 



or, as tan = — - — , these become 
cotan 

cos c = tan.3 x cotan a, 
sin c = tan b x cotan b, 
cos a = cotan c x cotan b. 

Boti cotan a = tan aV cotan b = tan b\ and cotan c as 
tan c' ; therefore the second set of formube become, after 
these substitutions^ and those above introduced^ 

sin c' = tan b x tan a', 

sin c = tan b x tan b, (B) 

sin a =r tan c' x tan b' ; 

which are also remarkable for all the left-hand quantities 
being sines, and all the right-hand tangents. 

If we compare these two sets B 
of formulfB (A) and (B), with the 
figure^ we shsJl find another cu- 
rious distinction between them. 
Of the fiye parts, which, with the 
right angle a, make up the sphe- 
rical triangle^ the parts b and a are 
immediatdy next to c, the parts b 
and B immediately next to c, the parts c and b immediately 
next to a ; and therefore the parts c, c, a, might be called 
middle parts, while b and a, b and b, c, and b, might be called 
adjacent outer, or ejptreme Toarts, with respect to .each of the 
middle ones. But, instead of this, for greater convenience, 
we consider c'^ c, a, as the middle parts, while b and a', b 
and B, c' and 3', are considered as the extreme parts with 
respect to each of these middle ones ; although^ in strict^ 
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ne8ft> tlie quantities c, a b, are not parts oi the triangle^ 
being only complements of Uie true parts c^ a, b. Having 
thus denominated these quantities, we may perceive that 
all the formulfB in (B) are included under one, enuncia- 
tion, viz. : 

In any right-angled spherical triangle the sine of the 
middle is equal to theproauct of the tangents of the adjacent 
extremes. 

. For, taking c' as middle, b and a are the adjacent ex- 
tremes, and, by the formulae (B), 

sin c' = tan b x tan a\ 
Taking c as middle, b and b' are the adjacent extremes, and 

sin c = tan b x tan b'. 
Taking a as middle, o' and b' are the adjacent extremes, and 

sin of = tan c' X tan b'. 

Likewise supplying the omitted equations, 4, 10, 

tan c = cos B X tan a, 
tan c = tan c x sin b; . 

or, 

tan c 

cos B = , 

tan a 

. , tan c 

sin 6 = ; 

tanc 

or, 

sin b' = tan c x tan a, 
sin b = tan c x tan c'. 

Hence we find that going round the whole trianele, and 
taking b, d, a', b', c (that is, the sides about the right angle 
and the complements of the three remaining parts), each seve- 
rally as middle y the sine of this is equal to tne product of the 
tangents of those two which are immediately next it taken 
as adjacent extremes. 

Again : we shall find that in going round the whole tri- 
angle, and taking the above parts, each severally as middle* 
the sine of this is equal to the product of the cosines of 
those two parts which are next but one to it, on each side. 
For, calling these two parts opposite extremes, to distin* 
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gaifth them from those which are immediately next to the 
middOie part> and are therefore called adjaceti extremes^ 

If we take b as middle, b' and a are the two other partar 
next but one, to b, i. e. opposite extremes, and by (A) 

sin 6 = cos b' X cos a . 

If we take c' as middle, c and b' are the opposite ex- 
tremes, and 

sin c' = cos c X COS b'. 

If we take a' as middle, b and c are the opposite ex- 
tremes, and 

dn a' = cos & X cos c. 

« 

Likewise, supplying the omitted equations, 2, T, 

sin c =: sin c X sin a, 
cos b = cos b X sin c ; 

we have 

sin c = cos c' X cos a', 
^in b' = cos 6 X cos c'. 

Which two latter formulae show that if we take e and B' 
respectively as middle, in these cases also the sine of each 
is equal to the product of the cosines of their opposite ex- 
tremes, c' and a'y b and c', respectively. Hence, we may 
perceive that all the formulae in (A), together with 2 and y 
(which are not absolutely specified, but implied by these 
formulse), may be included under one enunciation, viz. : 

In any righUangled spherical triangle^ the sine of the 
middle is equal to the product of the cosines of the opposite 
extremes, 

. Obs. 1. From the circumstance of taking each part in 
order as we go round the triangle, these parts are denomi* 
nated circular parts* Although the given right angle, a, 
is a part of the triangle, it is not considered as one of thcf 
circular parts ; nor indeed does it enter computation at all, 
inasmuch as its value is known, viz. : 90^. 

The above two enuncfations are called Napier's Rules, 
having been first discovered by the celebrated Napier, Banm 
Mercbeston, the inventbr of Logarithms^ It is not knowu 
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by what process he arrived at the very remarkable truths 
contained in those rules ; we should be almost led to suspect 
that it was by a happy combination of accident and conjec- 
ture. However this may he, they constitute a most useful 
instrument of computation. 

Obs, 2. Recollecting the two preceding Rules^ the reader 
has all that is necessary to understand the solution of right- 
angled spherical triangles^ or the computations performed 
by their means in Astronomy^ and other Sciences. It would 
be of no utility to introduce here examples of such solu- 
tions or computations, which, unlike those of Plane Trigo- 
nometry, are seldom requisite in common practice. For our 
readers a knowledse of the principle on which these Rules 
are founded is sufficient ; to understand their application, 
and its validity, being alone requisite towards proceeding 
with complete satis&ction. 

There are formulae for the solution and determination of 
spherical triangles, whether right-angled or not ; but they 
would be so difficult to investigate, so manifold and complex 
when investigated, and withal of such very rare occurrence 
or use in the introductory Sciences, that they may be omitted 
without disadvantage. We shall have no necessity to con- 
sider any spherical triangles but those which are rights 
angled ; ana for the solution of these we have provided two 
RiUes, easy to recollect, and universally applicable. 






NOTES. 



Note A. The sexagesimal diyision of the circle is that chiefly 
used in British works of science heretofore published ; another division, 
which we propose to explain, has latterly been in some instances preferred, 
both on the continent and in England. Instead of 360, the goniometric 
circle is supposed divided into 400 equal parts, likewise called degrees. 
Each degree is divided into 100 minutes, each minute into 100 seconds, 
and so on. This division of the circle is called the decimai division, be- 
cause it is carried On by certain powers of 10, as it is evident. Amongst 
its advantages over the sexagesimal division this is one of the least, vtV: 
an arch or angle may be expressed in degrees and decunal parts of a 
degree, aa well as in degrees, nuQtttes, seconds* ^c* Thus. 



240 35' 22" «= 240 -3622 ; 



because 24o *3d22o « 24o + 



35220 
10000 



220 



240+251 + 

^100 10000 



;btttasl' 



10 

« _, and 1" = 
100' 



10 



220 



• .*• — — s 35'. and 
10000 ' 100 ' 10000 



= 22", 



In our Treatise the sexagesimal division is used, not that we think 
it superior, but because it is that with which the English reader wUl 
meet almost universally in the course of his scientific studies ; and also 
because there is no difficulty in transmuting degrees, minutes, &c., of 
one kind into those of the other, by the help of the following table : 

10 = 54', 
r « 32" -4, 
r- 0"»324. 

Note B. The complement of an angle was at first understood to be 
what the angle wanted to make it up 90o, and the supplement what the 
angle wanted to make it up ISQo; but the definitions given in the text 
allow these terms an extension which is now universally attributed to 
them. Thus, the angle bco' is the complement of acd', because it is 
the difierence between ikCD' and 90o, although acd' it greater than 90*. 
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Again, if we choose to consider the angular space round the pcnnt c, 
measured, according to the letters aba'l, as an angle, acl, greater than 
180<^f we shall hare Vcl, the supplement of that angle acl, because it 
is the difference between acl and 180®. If we suppose the radius cl 
to revolye round c still farther, as to d again, the angular space mea- 
sured according to the letters ablo, may be considered as an angle 
greater than 3^ ; and there, is, in fact, na limit to such angles made by 
the revolution of the radius ca round the point c. Angles of this kind 
are of frequent occurrence in mathematical works, but they need not enter 
into our calculations. 

Note G. The truth of this latter assertion is sufficiently obvious, 
without a demonstration of it 



:BND OF THE BLBMENTS OP SPHEBICAL TRIGONOMETRY* 



ERRATA. ' 

P. 3, line 4 from bottom, for <' this series,^* read " the series which.'* 
P. 41, line 34,/or " 290«," rtoA " 270«>.' 



»> 



LONDON: 

fUTNISn BT THOMAS DAVZSOlf, WHITKPIIIAIIS. 



Work^publkk^/orJoviK Taylor, Waterloo'place, 

LOCKE'S POPULAR SYSTEM 

or 

CLASSICAL INSTRUCTION, 

Combmed with the Methods of 
ASCHAM, MILTON, AND OTHERS. 



This day ore published, in \2mo, 
Price Two ShUlingfl and Sixpence each, 

INTERLINEAR TRANSLATIONS, 

r 

ON MR. LOCKE'S PLAN, 

OP 

VIRGIL'S iENEID, Book L 

CiESAR'S INVASION OP BRITAIN. 

HOMER'S ILIAD, Book I. 

THE ODES OF ANACRfiON. 

To each is added the Original Text, in which the quantity of the doubtful 

vowds is denoted. 

ALSO 

A SHORT LATIN GRAMMAR ADAPTEP TO THE 

SYSTEM. 



In the Press. 

LATIN SERIES, continued, 

PAUSING LESSONS, &c. TO VIRGIL. Book L 

OVID'S METAMORPHOSES. Book L 

TACITUS'S LIFE OP AORICOLA. 

SELECTIONS FROM TERENCE*S COMEDIES* te. Ac 

GREEK SERIES, continued. 

PARSING LESSONS, &c., TO HOMER'S ILIAD. Book I. 

A SHORT GREEK GRAMMAR. 

MSOVS FABLES. 

SELECT ORATIONS OF DEMOSTHENES. 

XENOPHON'S MEMORABILIA OF SOCRATES* 

THfi NEW TESTAMENT, &c. 6k. 



Works published for JouN TatloA, Watertoo*place* 

THE SHEPHERD'S CAIiENPAR; wiOi VILLAGE STORIES, 

and other POEMS. By Johk Clare. Foolscap 8va With a 

beautiful Fioatispiece, by Dewint Price 68. boards. - 

** The present volume, as compared with Clare's earlier eflbrts, exhibits very 
unequivocu signs of Ihtdloctual growth, an improved taste, and an enriched mind.^' 

Eclectic "Review, June 1827. 

GUESSES AT TRUTH. By Two Brotsers. 2 yols. foolscap 

8yo. 16s. 

" These volumes emaBate from reflective, lm»nious« and weOrStored minds, 
and are alllce void of affectaUon and pedantry. Th^ ard, in fact, the author's 
thought book, in which beauty, utility, philosophy, metaphysics, and religion, are 
by turns treated logically andpuyfuily . The materials are in the rough , and aptly 
compared in the Preface to stones in a quarry : they might, with equal truth, be 
likened to ore in its primitive state* bang as valuable as they are usef uL They 
consist of detachM observations and reflections on various topics, in the shape of 
apophthegms, axioms, querieS} paradoxes, &c., rendered striking by analogy and 
antithesis, interspersed with occariobal trams of thbught and argument, deductions 
from facts, and suggestions upon self-evident propositions. The authors have judi- 
dously inserted a tew pieces of truth, that are as old m the world, and th^r appear- 
ance among the more modem speculations is startling, without being a disadvantage 
to the rest of the work : some of them seem new from their very antiquity, luia. 
like old silver, shine the brighter from having been well used." 

Monthly Review t Oct. 1, 1827* 

THE TRAVELS OF MIRZA ITESA MODEEN, IN GREAT 
BRITAIN AND FRANCE. Tranfdated from the Original Persian 
Manuscript. By James Edward Alexander, Esq. late Lieu- 
tenant of His Majes^'s Light pragoons. With a Portrait of the 
Mirza. 1 vol. 8vo. 9s. 

^— ** In the volume before us, we are presented with the first impressions made 
upon the observant mind of a learned native of Hindostan, in the oourseof his voyage 
to Europe, and during a short stay in England, and a visit to Scotland, in the year 
1765. They are of an mterestine character, and their novel and pleasing effect is 
increased by the Oriental style ofthe language (which has been judiciously preserved 
by the Translator), and the original nature of the remarks." 

Eclectic Review t Augtut 1, 1827. 

A CRITICAL ESSAY ON THE GOSPEL OF ST. LUKE, bj 

Dr. Frederick Schleiermacher : with an Introduction by the 

Translator, containing an Account of the Controversy, respecting the 

Origin of the Three First Gospels, since Bishop Marsh's Dissertation. 

Svo. 13s. boards. 

— *' A volume which surpasses most original works in ability and learning." 

' Edinburgh Review, No, 91. 

THE PRINCIPAL ROOTS OF THE LATIN LANGUAGE, 

simplified by a Display of their Incorporation into the English 
Tongue; with copious Notes; forming part of Mr. Hall*s In- 
tellectual System or Education, whereby an adult, pre- 
viously unacquainted in the slightest degree with Latin, was enabled 
in the short space of only Seven Days to acquire so considerable a 
Knowledge of the Latin Language, as to translate, parse, and scan, 
the first book of Virgil*s jEneid. Second Edit. 8vo. 7s. boards. 

THE PRINCIPAL ROOTS OF THE FRENCH LANGUAGE, 

simplified by a Display of their Incorporation into the English Tongue. 
Royal 8vo. 8s. 6d. boards. 

FORMULA OF GREEK NOUNS AND VERBS, with Examples 
for Declining; adapted to the Eton Grammar. By a Schoohnaster. 
Is. 6d. ^ 



UNIVERSITY OP LONDON. 



KLEMEKTA&Y WORKS OK THE MATHEMATICAL SCIENCES. 



In the Pratt and will speedily le publuhed^ in 8vo, a new edition of 

THE FIRST SIX BOOKS OF 

EUCLID'S ELEMENTS; 

With a Commentary, Geometrical Exercises, &c. To which is an- 
nexed, an Orip;inal Treatise on Solid Geometry. Designed for the Use of 
the Students m the UniYersity of London. Edited by the 

REV. DIONYSIU8 LARDNBR, LL. D. 

Professor of Natural Philosophy and Astronomy in the UniveiBity of 
London ; F.R.S.E. ; Hon. F.P.S. Camb. \ F. Ast. S. L. ; Hon. F.&A. 
Soot.; M.R.LA. 

*•* In Euclid's Elements, notwithstanding the acknowledged excellence of that 
Treatisej tiiere is much to be elucidated ; some propositions must be added« some 
ipeneralised* tome restricted* and others modifled« oefore the work can be ooMidered 
adequate to the purposes of modem instruction. Every teacher has felt this, and 
has found the necesftitv of calling to his aid, in addition to Euclid, numerous works 
on Geometry. The object of the present Edition is, bv proper NoteSj Illustrationt, 
and Examples, dispersed through the Text, but careftiUy distinguished from it« to 
make a single volume serve all these purposes. 

The foregoing Edition of Euclid is the first of a Series of Elementary 
Works on the Mathematical Sciences, which Professor Laidner is pre- 
paring for publication, designed for the use of Students in the Uniyerslty 
of London. 

The Series will comprise Geometry, Arithmetic, Algebra, 
Mechanics, Optics, Astronomy, &c., which will appear in suc- 
cession. The publication of Euclid's Elements will be followed by 

1. A TREATISE ON ARITHMETIC, COMMERCIAL and 
PHILOSOPHICAL. 

2. AN ELEMENTARY TREATISE ON ALGEBRA. 



mathematical works, bt professor lardner. 

Recently published. 

AN ELEMENTARY TREATISE ON ALGEBRAIC GEOME- 

TRY, Vol. 1. Containing the Geometry of Plane Curves. 8yo. I8& 
AN ELEMENTARY TREATISE on the DIFFERENTIAL and 

INTEGRAL CALCULUS. 8vo. 2l8. 
AN ANALYTICAL TREATISE on PLANE and SPHERICAL 

TRIGONOMETRY, and the ANALYSIS of ANGULAR SEC 

TIONS. 8vo. 12s. 

In tfie Press, by the samfi Author^ 
POPULAR LECTURES 

ON 

THE STEAM-ENGINE: 

In which its Construction and Operation are expl^ned to those who 
are unacquainted with the technicalities of Mechaniosl Science ; including 
an Historical Sketch of the Invention and progressive Improvement of 
that Madiine. Illustrated with Engravings. 

PUBLISHED FOR JOHN TAYLOR, 

BY JAME8 DUNCAN, PATERNOSTER-ROW. 



PREPARING FOR PUBLICATION, 

BY JOHN TAYLOR, WATERLOO-PLACE, 

A TRANSLATION of the Seoond Edidon of NIEBUHR*S ROMAN 
HISTORY, undertaken in ooncert with the Author. By the Rev. 
Julius C. Hare, M. A., Fellow of Trinity College, Cambridge; 

' and CoKKOP TRiiti:.WALL, Esq. M. A., Fellow of Trinity College, 
Cambridge. 

This Second Edition is now in the Course of Publication in Oer^ 
many. In the ineantime the Author forwards the sheets as printed to 
England, and will himself contribute cqrrections and additions to the 
Translation. 

The Author writes to a friend in England, '' that he is anxious it 
should be known as early as possible, that this New Edition is not a 
Reprint of the Old Work, with additions and improyements, but abso- 
lutely a New Work, in which few pages of the former have been 
retained." 

" We have long been dedrous of giving an account to our oountrymen of If. Nie- 
buhr^t Roman H<«AMy«— cpe of the most justlycdebrated works of our times. But 
finding that the author was employed in preparing a Second Edition, so enlarged 
and amended as to he a new work« we postponed our criticism until its publtca^ 
tlon : and having since learned that a Translation from the Second Edition is now 
preparing, witii the approbation and sanction of M. Niebuhr, by Messrs. Hare and 
Thirlwall, of Trinity College, Cambridge, we think it better to defer the critidsa 
till a versioi thus authorised shall be in the hands of the general reader. A transla- 
tion has, indeed, appeared } but we understand it to be made from the first edition, 
and it would be sufficient for us to know, as we do, that it is disapproved and dis- 
avowed by M. Niebuhr. The Englidi public are, in common fairness, bound to try 
him by the edition of this work which he oflfers as complete, and by the translation 
which he adopts as a faithful copy of the original. Mr. Thiriwall is already known 
by his version of Schleiermacher on St. Luke's Gospel,— <a volume which surpasses 
most original works in ability and teaming." 

Edinburgh Review, No. XCL 183T. 
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A SERIES 



POPULAR ELEMENTARY WOB 

THE SCIENCES. 

Wo liave had for some time in neve und j 
Scries of EleuieDtai'y Works on tKe fulltitrin 
GeouBTltY, Ai.GRBRA, Tbigonombtrv, 
Optics, and Asthonomy. Many writers « 
begin with the last, as the most iDtere^liit^'; 
coniraeucitig with the first, as tbe most nocesea 
(int previously iiurulding thi; truths of Geocaet 
not pretend to impart thoM- of ttic other S 
are ennmcrutei) tibovc nenrly as they should t , 
the design of t he render be to undcraiaad then. ' 
ficial treatise on Asti'onomy, which told manjr tL 
tauglit none, might have Inpeu easily writt«B;,V 
such ihe public is pireaily gulEcieiitly provided^^ 
object to furnish a different kind of treatise on ihSd 
which is fortunately cupihle of being rendered a 
entertaining. But tbe other worka of the ScrioBi-^ 
the first three, — sliould be preriously road j ta n 
sake fls tlieir own. 

TTie above Series, when published, will B 

A POPULAR AND PHIVATB COirRSB-j 
ELEMENTARY MATHKirATlOAL AND T 

SCIBNCE. 
neither too extensive nor too confined. — Tlie (i 
lumes are already published. 

A SVSTEM OF POPULAR GEOMETRY : e 
Lessons to much of the Elcmeau of Euclid na i> 
for s tight undenjUmding of every An andSdenceialttlM- 
and genenl Principlea. Bj' Ogoboe Dahlet, A. B. i 

A SrSTEMOF POPULAR ALGEBRA; witb a 

tiaaa and ProgrtsBionB. By the same flulhoi. 4s. M. 

A SYSTEM or POPULAR TRIGONOMETRY, IL 
•nd SPH£B.iCikti ; wiih Popular TtiistiseB on LobuiixW) 

. Appmcatioh of Ai-OEDiutoaEOME-tBr. Byd<M 

orStuilEHli nlioonly hkW itdt KmUMI knowledge nfthue Eil(_ 
- «Iilch «n tn itmil with ioo« aamntMo th4S D*il< 



